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Abstract
This paper presents a systematic control inputs optimization method for melting interface
tracking in laser-aided powder deposition (LAPD) processes. Using a proposed interface
approximation and a coordinate system moving with the laser source, and adopting the enhanced
thermal conductivity method, the process model is first reduced to a set of coupled partial
differential equations (PDEs) in fixed spatial domains. Then, the control problem of achieving
process target properties is formulated as one of optimizing the control inputs to track a
prescribed melting interface which is approximated from required process target parameters.
This proposed optimization scheme is solved by the adjoint-based gradient method for which an
algorithm is provided. A weighting scheme is also proposed to overcome feasibility issues with
poor interface specifications and still achieve improved tracking of target parameters. The
proposed scheme is illustrated through a simulation-based case study on a laser cladding process.
Introduction
Laser-aided powder deposition (LAPD) processes employ directed laser power for
material processing and part manufacturing. Example processes include: laser cladding, laser
sintering, laser metal deposition (LMD), digital direct manufacturing (DDM), etc. Due to the
existence of multiple phenomena such as heat transfer with phase change on the substrate,
thermo-capillary induced fluid flow in the melting pool [1], free surface formation [2-4] as well
as laser-powder interaction [5], models of these processes often involve coupled nonlinear partial
differential equations (PDEs) in space and time [2, 6-8]. While such PDE-based models offer
accurate and explicit representation of the spatio-temporal physical interactions, their high
computational burden often limits their use for practical control design and implementation. By
introducing the enhanced thermal conductivity method [9, 10], the influence of fluid flow to
melting pool formation is implicitly considered. This results in a reduced system model similar
to that in the so-called two-phase Stefan problem [11-13], which describes heat transfer with
phase change.
One of the essential considerations in control of the Stefan problem is the motion of the
melting interface (interface between solid and liquid domains). This consideration is also found
in LAPD processes since important process properties such as the powder deposition efficiency
(the portion of powder particles that fall into the melting pool range) and the penetration depth
(metallurgical bond) on the substrate are implied in the geometric shape of this interface. Thus, it
is of great importance to control the geometric shape of melting interface in LAPD processes.
For the classic two-phase Stefan problem, optimal control is reported to be an effective
strategy for regulating the geometry of the melting interface. This is often achieved by
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formulating it as a control input optimization problem with PDE constraints [11-13]. Similar
control strategies can be found in a laser cutting process [14, 15]. In [16], an optimal control
scheme was proposed for a laser welding process where only the laser power distribution on the
substrate was optimized.
In this paper, we focus on the intermediate segments of LAPD processes where steady
state can be assumed, and determine the (open-loop) optimal control inputs (laser power and
scanning speed) to achieve pre-specified process target properties. By introducing an interface
approximating method and a coordinate system moving with the laser source, the free interfaces,
mainly the melting (solid-liquid) interface, are approximated directly from the desired process
target parameters (those related to powder catch efficiency, deposition height and penetration
depth, etc.). Then, we reformulate the process control problem as one of tracking the melting
interface as close to the desired (approximated) one as possible with the optimal control inputs.
This view allows us to formulate and solve the PDE-constrained optimization problem with the
adjoint-based gradient method. A weighting function is also proposed under this optimization
scheme to overcome the possible lack of physical feasibility of the approximated interface.
The rest of the paper is organized as follows: Section 2 discusses the adopted process
model and the practical interface approximations proposed in this paper. Section 3 details the
formulation of the optimal melting interface tracking problem and the solution of the resulting
control inputs optimization problem. The derived adjoint PDE equations as well as the
computational algorithm for obtaining the optimal solution are also included. Section 4 provides
a case study on the laser cladding process. Conclusions are included in Section 5.
Modeling of LAPD Processes
Process Overview
The physical essences of LAPD processes can be illustrated in Fig. 1. A laser beam with
high power density sweeps on the surface of the substrate, creating a melting pool. The powder
material is either pre-placed on the substrate or injected into the melting pool by coaxial or
lateral powder nozzles. After the melting and solidification processes, a metallurgical bond is
formed between the deposited layer and the substrate material.
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Fig. 1 Schematic of LAPD processes
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The mathematical model of LAPD processes is outlined in Fig. 2. It is a two-dimensional
(2D) steady-state model for the coaxial powder nozzle configuration. The coordinate system is
selected to move at the same constant speed as the laser source while the origin is fixed at the
nozzle position on the substrate surface. The computational domain contains the solid phase
and the liquid phase , which share the melting interface
. Although it is not listed as a
computational domain, the gas phase does exist as the ambient and shares interfaces with the
solid and liquid phases, which are denoted as
and
, respectively. The remaining boundary
of the solid is denoted by . The layer height and the melting pool depth are denoted by and ,
respectively.
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Fig. 2 Mathematical model of the process

Models for Interface Approximations
One of the most challenging aspects in modeling and control of LAPD processes is the
existence of free boundaries between multiple phases, more specifically, the melting and liquidgas interfaces. As mentioned in the introduction, we offer a practical method for approximating
these interfaces in order to make the optimization problem tractable. To motivate the idea, we
use the schematic in Fig. 2 and make the observation that, in steady state, the geometric
), deposition height , and melting pool depth
parameters, which include front/back radius (
, relate directly to the critical target process properties such as powder deposition efficiency
and penetration depth on the substrate. Thus, by pre-specifying these geometric parameters from
the requirements of process properties, the geometry of the target interfaces can be constructed
approximately. This, along with the choice of the coordinate system moving with the laser source
(and powder nozzle), reduces the modeling domains into two fixed domains
and .
In this paper, based on the geometric relationship implied in Fig. 2, the profile of the
liquid-gas interface can be approximated to be parabolic as follows, similar to the proposal in
[17]:
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where the relationship between
and
is selected to be
and
denotes the
powder extinction range on the substrate. This assumes that the powder particles would only be
deposited within the melting pool and considers the trade-off between the delivery efficiency and
deposition rate of the powder material [18].
In a similar manner, the melting interface can also be approximated by the following
double-parabolic equation:
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is the position of melting pool depth in the laser moving direction.

Having approximated the desired geometry of the two interphase boundaries in terms of
the desired process target parameters, we then use them as the target fixed boundaries (in the
moving frame) for the domains of the liquid and solid phases. This significantly simplifies the
underlying model and the control based on this model.
Heat Transfer Model
In this paper, we restrict ourselves to the modeling and control of steady-state LAPD
processes in the moving coordinate system. This can be justified from the fact that when the laser
beam moves at a constant speed along the substrate surface, critical system properties such as the
temperature distribution, the position of melting interface as well as the geometry of melting
pool maintain the same. Thus, it is reasonable to assume a steady-state process model in the
coordinate system that moves at the same speed as the laser source and use this model for
subsequent control inputs optimization. Transient sections and disturbance handling can be
accommodated with suitable feedback control [17, 19, 20] and will not be treated in this work.
Also, as already stated in the introduction, we shall adopt an anisotropic enhanced thermal
conductivity approach for the liquid phase to retain fluid flow effects in the mathematical model
described as follows:

[

1197

(
(

)
)

( )

(

)

( )

(

)

(
(

)
)

(

)

]

where
is the enhanced thermal conductivity with an enhancement factor applied in
the liquid domain. is the outward unit vector normal to the boundary surface. The expression
*

+ represents the heat flux jump across the melting interface due to phase change [16].

the latent heat of fusion, is the laser power and
power attenuation coefficient [21].

is the scanning speed.

is

( ) is the laser

The LHS in the first two equations denotes the heat convection in the moving coordinate
in both the solid and liquid domains. On the top surface of the substrate, heat transfer is
dominated by laser irradiation, which is modeled by Neumann boundary condition. For the solid
boundary , since the substrate is usually large enough compared with the melting pool, a
Dirichlet boundary condition of a constant ambient temperature is applied. On the melting
interface, the temperature is constrained by the condition of temperature continuity. The heat
flux discontinuity induced by the latent heat of fusion, which is also known as the Stefan
condition, is explicitly addressed by the last equation.
Optimal Melting Interface Tracking
In this section, the optimal melting interface tracking problem is first formulated
explicitly as a multivariable control input optimization problem. Then, the derived adjoint
equations and the computational algorithm for solving the optimization problem are outlined
briefly.
Problem Formulation
The main control objective of LAPD processes is to achieve desired process properties in
terms of deposition height, powder delivery efficiency as well as the penetration depth, etc. A set
of related process target parameters can be specified to reflect these desired properties. In this
paper, these process target parameters are selected to be the back/front radius
, deposition
height , penetration depth and its position (see Fig. 2).
As pointed out above, by introducing the interface approximations, the problem can be
transformed into a melting interface tracking problem. To be more specific, by designing a
desired and fixed melting interface geometry, which is specified using the process target
parameters, the optimization objective can be set to minimize the difference between the
temperature on this specified melting interface and the melting temperature of the substrate via
an optimal combination of control inputs, namely the laser power and scanning speed . This
can be formulated mathematically as follows:
(
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where
is the substrate melting temperature,
is a normalization constant and the constraint
in Eq. (4.2) represents the system PDEs listed in Eq. (3) compactly. ( ) is a weighting function
that is parameterized as:

1198

(

( )

)

(

)

(

)

( )

where the variables
(
) are positive constant parameters. By introducing this
weighting function, temperature-tracking errors at desired locations are specially penalized such
that close tracking is enforced at these locations. This helps to improve the tracking performance
when the approximated melting interface is not well designed, with strict physical feasibility.
Remark 1: In the above control inputs optimization problem, the laser power and the
scanning speed are two control inputs to be optimized. As reported in [17, 22], the height of the
̇
deposited layer is mainly controlled by , namely the amount of new powder material delivered
per unit length on the track. Therefore, in this paper, the powder feed rate ̇ is considered as a
dependent variable that is adjusted with respect to the scanning speed to ensure a desired
deposition height . Moreover, with the desired deposition height and the back and front radii,
the liquid-gas interface is assumed sufficiently approximated by Eq. (1). Negligible errors were
found from proceeding with this assumption and therefore we will not include this interface in
the optimization discussions.
Derived Adjoint Equations
Analogous to their counterparts with ODE constraints, the optimization problems
involving PDE constraints are often solved using gradient-based methods such as the steepest
descent method. In this paper, we apply the adjoint-based sensitivity method by using the
Lagrangian formalism [23]. By applying the first order optimality conditions, also known as the
Karush-Kuhn-Tucker (KKT) conditions [23] on the Lagrangian function, the following adjoint
system of equations can be derived:
(
(

[

(

)]

)
)

(
(

)
)

(

)

(

)

(

)

(

)

(

)

(

)

( )(

)

where the variables
and
are the adjoint variables in the solid and liquid domains,
respectively and
is that for the melting interface.
The gradient equations for the control variables
∫ (

)

∫ (
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and
)

can be obtained similarly:
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where is the unit vector in direction. Detailed derivations of the above adjoint and gradient
equations are provided in [21].
Computational Algorithm
We propose the following algorithm to calculate the solution of the optimization problem
using the adjoint and gradient equations listed above. Similar to the compact notation used in Eq.
( ) will be used to represent the adjoint
(4.2) for the system equations, the notation
equations compactly.
Algorithm 1: Adjoint-Based Gradient Method
Input:
Initial values ,
Output: Optimized control inputs ̂ , ̂ and the corresponding temperature ̂ ,
objective function ̂
(
), ̂
(
)
Initialize: ̂
(̂ ), ̂
̂
̃
While
̂ ̃, ̂
̃, ̂
̃,̂
̃
( ̂)
Search direction for :
( ̃ ̂) with ̃ ̂
Search step size for :
δ
̃

( ̃ ̂), ̃
( ̃ ̂), ̃
Search direction for :
[
Search step size for :

( ̃ ̂)
(̃ ̃)]
( ̃ ̃) with ̃
δ

̃

( ̃ ̃)

( ̃ ̃), ̃

End while
̂

̃, ̂

̃, ̂

( ̃ ̃), ̃
̃, ̂

̂

̃

In the above algorithm, denotes the desired convergence margin for the algorithm.
Remark 2: The computational algorithm proposed above proceeds sequentially first on
the control variable , and then on . This is based on the observation that the search direction
for laser power is only determined by the adjoint variable , which is directly affected by
as an input into the adjoint system (see Eq. (6.6)). Thus, it is reasonable to expect that the
objective function is more sensitive to laser power and start the search with this variable.
Case Study – Laser Cladding Process
To validate the proposed optimal control scheme, the laser cladding process is considered
here as an example. In this process, a thin coating (cladding layer) is deposited on a metal
substrate to provide superior wear and corrosion resistance. An Nd:YAG laser with the
wavelength of 1.06
is used as a heat source to deposit powder particles onto a steel substrate.
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The anisotropic enhanced thermal conductivity model, with an enhancement factor of 2, is
applied in the liquid domain in laser moving direction [10]. Major material properties [7] and the
process design parameters used in the simulation case study can be found in [21].
The objective in this process is to achieve the desired melting surface geometry denoted
by back/front radii and melting pool depth with optimal combinations of laser power and
scanning speed. To implement the computational algorithm, COMSOL Multiphysics and Matlab
are used jointly. Both the system and the derived adjoint PDEs are solved using COMSOL while
the main optimization algorithm is implemented in Matlab. The simulation results are
demonstrated in Figs. 3-5.
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Fig. 3 Evolution of laser power and scanning speed in weighted optimization

Fig. 4 Evolution of melting interface in weighted optimization

Fig. 3 and Fig. 4 illustrate the evolution of control inputs and the melting interface
geometry in the optimization with the weighting function. The weighting function parameters are
. As the computational algorithm proceeds, the
selected to be:
control inputs approach their optimal values, which are
and
respectively. Similarly in Fig. 4, starting from an initial guess that generates the actual melting
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interface far away from the desired one, the proposed optimal control algorithm is able to
drive the melting interface close to the desired one. The tracking performance in terms of error
percentage of process target parameters is analyzed in Table 1 and will be discussed below.
A similar simulation without the weighting function was also conducted under the same
condition and the comparison of the optimized melting interface is demonstrated in Fig. 5.

Fig. 5 Comparison of melting interfaces in optimization

As we can see from Fig. 5, with the optimized control inputs
and
in this case, the actual melting interface tends to be shallower than that with the
weighting function. This leads to degraded tracking of the melting pool depth. Comparison of the
tracking performance in these two simulation studies is provided in Table 1.

Laser power [W]

Optimization without

Optimization with

weighting function
510.9

weighting function
507.8

Scanning speed [mm/s]

8.5

8.0

Tracking

Back radius

[%]

1.2

0.3

error

Front radius

[%]

15.2

10.9

Penetration depth

[%]

11.5

4.6

percentage

Table 1 Comparison of optimizations with and without weighting function

From the above table, we can see that with the weighting function in optimization,
tracking performance in terms of error percentage of process target parameters
and are
improved. This illustrates the usefulness of the weighting scheme towards improved tracking
performance for those target parameters. Moreover, it is worth noting that a relatively large
tracking error appears in the front radius; this is because as the laser source moves, the front
radius is much shorter than the back radius in the melting pool, leading to a much larger
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temperature gradient in the front. Therefore, temperature tracking error can be expected to be
higher in this area. Moreover, considering the fact that the temperature in the melting pool is
usually very high (as shown in Fig. 4) and there exists a mushy zone where solid and liquid
phases co-exist with temperatures close to the melting temperature, the remaining error
percentage obtained by the optimization algorithm may be taken as satisfactory for tracking the
desired process parameters.
Conclusion
This paper proposes a multivariable control inputs optimization scheme for melting
interface tracking in LAPD processes. The intermediate segments of these processes are
considered where steady state can be assumed in a moving coordinate system. Then, by
approximating the geometry of the free interfaces from desired process target parameters, the
control problem can be formulated as one of closely tracking a pre-specified melting interface
with optimal control inputs in fixed domains. The resulting multivariable PDE-constrained
optimization problem is solved by the adjoint-based gradient method. A computation algorithm
is also offered for obtaining the optimal inputs. The proposed optimization scheme has been
illustrated for a laser cladding process as a typical example of LAPD processes. To achieve
improved tracking performance, a weighting scheme is also included in the objective function.
Simulation based illustrations on a laser cladding process demonstrated the effectiveness of the
proposed approaches.
Furthermore, we note that the proposed control scheme only deals with the steady state
segments and servers as a starting open-loop solution for the control of LAPD processes.
Research efforts are still needed to incorporate closed-loop controls to accommodate variable
deposition geometries as well as exogenous disturbances in these processes.
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