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ABSTRACT 

Adding continuous carbon fiber into the Fused Filament Fabrication (FFF) process is criti-

cal to get reinforced composite structures with improved mechanical properties. However, it 

remains difficult for the designer to create optimized complex composite structures. Indeed, 

performing numerical simulations on these materials require to know their elastic coefficients, 

which are difficult to determine. Using a model of periodic homogenization which considers 

both the fiber content and the porosity, would be a quick solution to predict the mechanical 

properties of the printed composite. Based on material studies and validated mechanical tests, 

this simulation model allows the use of a homogeneous material to replace the composite ma-

terial for the finite element analysis. This will greatly reduce the number of elements required 

in the model, leading to a big decrease of the computation cost. Hence, the numerical model 

has potential to perform simulation-driven design processes, such as generative design. 

Keywords: Continuous fiber printing, periodic homogenization, elastic properties 

1. INTRODUCTION 

The development of additive manufacturing in the last four decades has led to the creation 

of several techniques, such as Fused Filament Fabrication (FFF), Selective Laser Sintering 

(SLS), Direct ink Writing (DiW), Stereolithography (SLA), Laminated Object Manufacturing 

(LOM) and Electron Beam Melting (EBM) [1-3]. The most widely used technique is the FFF, 

also known as Fused Deposition Modeling (FdM) [3-7]. Its main advantages compared to tra-

ditional plastic manufacturing processes (injection, thermoforming, etc.) are the cost-efficiency 

and the minimal waste of raw material in a lifecycle view [5-7]. Moreover, it is easy to autom-

atize and do not require any other tool except for the printer [6, 8]. Yet, it is mainly used for 

prototyping, as it results in bad mechanical properties [3, 7].  

One way to obtain better properties is to work with composite materials. There are two 

kinds of reinforcement compatible with the FFF process: short fibers and continuous fibers [1-

9]. Short-fiber reinforced composites have a small increase of both mechanical and thermal 

properties comparing to pure matrix polymers. Ning et al. [10] estimated an increase of 31.6% 

of the Young’s modulus and 22% of the tensile resistance by adding short carbon fibers in an 

ABS matrix. Moreover, the carbon fibers reduce the thermal expansion [2, 6], which leads to a 

better printing accuracy. However, short fibers-reinforced composites’ properties remain bad 

comparing to metal alloys. To gain more improvement of the mechanical properties, continuous 

fibers reinforcement was developed [3-9]. Yet, the additive manufacturing of these materials is 

not easy because it is difficult to obtain a good bond between the thermoplastic matrix and the 
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fibers [2, 8]. Recently, some commercial machines were released that reported components 

with similar stiffness to Aluminum alloys [11]. Such performances could open a wide range of 

applications for additive manufacturing, especially for complex composite components. How-

ever, there is no design support tool tailored for this kind of process, which may form barrier to 

its application. One key reason is that there is no accurate numerical tool to conduct mechanical 

simulation and optimization. The manufacturing constraints, such as minimum overhang angle, 

minimum hole diameter, minimum post diameter or minimum engraved feature size [4], and 

structure performance are hard to simulate for this process. To build a simulation model, the 

composite material properties must be precisely characterized. 

Several methods are used to predict the elastic properties of a continuous fiber-reinforced 

composite. For traditional composites, the most used one is the Rule of Mixtures (RoM), which 

can precisely predict the properties of the material thank to the properties of the fiber, the prop-

erties of the matrix and the fiber’s content. So, Polyzos et al. [5] had tested several RoMs 

methods and had compared them with the experimental results of Pyl et al. [12]. The results are 

accurate in the fiber’s direction with all methods. Yet, there is a gap between RoMs results and 

tests results in the transverse direction to the fiber. To fill this gap, an alternative to RoMs for 

predicting the properties of heterogeneous materials is to use the periodic homogenization 

method [13-16]. Dutra et al. [17] applied this method to 3D-printed continuous fiber-reinforced 

composites and stuck with experimental values in the transversal direction. They increased in 

their models the stiffness value of the thermoplastic resin to obtain a fair agreement between 

experimental and numerical results. In this paper, we propose to account for the porosity in our 

model to predict properly the behavior of a continuous carbon fiber-reinforced 3D-printed com-

posite. 

This paper is organized as follows: Section 2 explains the development of the periodic ho-

mogenization model; Section 3 validates this model with real tests and the last section concludes 

the work. 

2. PERIODIC HOMOGENIZATION MODEL 

As the rule of mixtures gives a poor accuracy in the transverse direction, the periodic ho-

mogenization method was selected to predict the elastic properties of the continuous carbon 

fiber-reinforced material. This method was introduced in the 1970s for modelling the behavior 

of composite structures with a periodic arrangement of matter [13-16]. It met a great success 

alongside the emergence of the finite element method and was recently used in the context of 

additive manufacturing by Dutra et al. [17]. The periodic homogenization method assumes the 

existence of a two-scales asymptotic expansion of the displacement field u: 

 𝒖 = 𝒖0(𝒙, 𝒚) + 𝜀 𝒖1(𝒙, 𝒚) + 𝜀2 𝒖2(𝒙, 𝒚) + ⋯ ;  𝒚 =
𝒙

𝜀
 (1) 

where x and y represent the macroscopic and microscopic coordinates, respectively. The small 

parameter  describes the relative size of the representative unit cell compared to the length of 

the whole structure. Based on the assumption of eq. (1), it is well-known [16] that the homog-

enized elastic modulus 𝐴𝑖𝑗𝑘𝑙 are defined by: 

 𝐴𝑖𝑗𝑘𝑙 =
1

|𝑌|
∭ (𝑎𝑖𝑗𝑘𝑙(𝒚) − 𝑎𝑖𝑗𝑝𝑞(𝒚)

𝜕𝜒𝑝
𝑘𝑙(𝒚)

𝜕𝑦𝑞
) 𝑑𝑌

 

𝑌
, (2) 
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where Y represents the unit cell, |𝑌| its volume, 𝑎𝑖𝑗𝑘𝑙 are the elastic modulus of each constituent 

embedded in the unit cell (the index i, j, k and l vary from 1 to 3), and 𝝌𝑘𝑙(𝒚) are the unknown 

Y-periodic functions solution of the following variational problem: 

 ∭ 𝑎𝑖𝑗𝑝𝑞(𝒚)
𝜕𝜒𝑝

𝑘𝑙(𝒚)

𝜕𝑦𝑞

𝜕𝑣𝑖(𝒚)

𝜕𝑦𝑗
𝑑𝑌

 

𝑌
= ∭ 𝑎𝑖𝑗𝑘𝑙(𝒚)

𝜕(𝝌𝟎)
𝑝

𝑘𝑙
(𝒚)

𝜕𝑦𝑞

𝜕𝑣𝑖(𝒚)

𝜕𝑦𝑗
𝑑𝑌

 

𝑌
   ∀𝒗 𝑌 − periodic (3) 

 (𝝌𝟎)𝑘𝑙 =
1

2
(𝑦𝑘𝒆𝒍 + 𝑦𝑙𝒆𝒌);  𝒆𝟏 = {

1
0
0

} ; 𝒆𝟐 = {
0
1
0

} ; 𝒆𝟑 = {
0
0
1

} (4) 

Note that we have adopted in eq. (3) the Einstein convention upon the repeated index. Also note 

that finding the solutions of eq. (3) consists in solving 6 problems because there are 6 possible 

combinations for (𝑘, 𝑙): (1,1), (2,2), (3,3), (1,2), (1,3) or (2,3). Moreover, if the strategy of 

developing an in-house code is not retained, a specific computational approach must be adopted 

because the right-hand side of eq. (3) does not correspond to a standard loading. In this context, 

a specific approach linked to “black box” commercial FE software was proposed by Cheng et 

al. [18]. This approach consists in finding an equivalent formulation of (3)-(4) that is compatible 

with the classical loadings and boundary conditions resources provided by commercial software 

tools. It was especially demonstrated in [18] that solving eq. (3) was rigorously equivalent to 

applying the following 3 steps: 

• Step 1: Apply (4) as restrained conditions on all the nodes of the mesh. Solve a standard 

elastic problem on the unit cell without periodic conditions. Get the reaction solution 𝒇0 

after the FE computation. 

• Step 2: Apply the reaction solution 𝒇0 obtained in Step 1 as an input of this step. Solve a 

standard elastic problem on the unit cell with periodic conditions. Get the nodal displace-

ment 𝑼 after the FE computation. 

• Step 3: Apply the nodal displacement 𝑼 obtained in Step 2 as an input of this step. Solve a 

standard elastic problem on the unit cell without periodic conditions. Get the reaction solu-

tion 𝒇 after the FE computation. 

Each step requires 6 computations, and 36 FE calculations are needed in total. The results of 

these calculations are combined by considering the contribution of each node of the mesh, 

yielding to the following expression of the homogenized elastic modulus: 

 𝐴𝑖𝑗𝑘𝑙 = ∑ ((𝝌𝟎)𝑖𝑗 − 𝑼𝑖𝑗)
𝑛

𝑁
𝑛=1 ((𝒇)𝑘𝑙 − (𝒇𝟎)𝑘𝑙)𝑛, (5) 

where N represents the number of nodes of the unit cell mesh. Many technical details are pre-

sented in [19] if this approach is used with the commercial Abaqus code. We have implemented 

it with the APDL programming resource (Ansys Parametric Design Language) of the commer-

cial Ansys code. 

2.1.Unit Cell 

As the periodic homogenization method uses the periodic aspect of the composite material, 

a unit cell which repeats itself in space is considered (Figure 1).  
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2.1.1. Determination of the fiber volume content 

The fiber content is the most critical parameter of the unit cell. Indeed, the fiber is around 

two hundred times stiffer than the matrix, so the proportions of the two materials inside the 

composite have an important influence on the homogenized elastic constants. There are two 

major methods to determine the fiber content. The first one is the microscope analysis, where 

we observe a section perpendicular to the fiber and measures the fibers area compared to the 

total section’s area [9, 12, 20-22]. The second one is the degradation of the matrix (with chem-

ical or thermal methods), where we weight a composite part and makes the matrix disappear to 

get the fibers only. By weighting the fibers and comparing it to the initial mass, we can obtain 

the mass content of fibers [17, 23]. Table 1 summarizes results, obtained for unidirectional parts 

printed by Markforged printers, from the literature: 

Reference Printer Method Fiber Volume Rate 

Blok et al. [9] Markforged MarkOne 
Optical microscope anal-

ysis on printed part 
27% 

Pyl et al. [12] Markforged MarkTwo 
Electron microscope 

analysis on printed part 
27% 

Dutra et al. [17] Markforged MarkOne 
Burn-off test (ASTM 

D3171-15) 
32.8% 

Chabaud et al. [20] Markforged MarkTwo 
Optical microscope anal-

ysis on the filament 
35% 

Fernandes et al. [21] Markforged MarkTwo 
Optical microscope anal-

ysis on printed part 
30% 

Ekoi et al. [22] Markforged MarkTwo 
Electron microscope 

analysis on printed part 
36.8% 

van der Klift et al. [23] Markforged MarkOne Matrix Degradation 34.5% 

Table 1 - Literature review about the fiber volume content. 

The fiber volume contents of all studies are in a range between 27% and around 37%. To 

estimate this rate, we performed a Thermogravimetric Analysis (TGA) on a printed part. This 

method is close to the one used by Dutra et al. [17] and van der Klift et al. [23]. We obtained a 

fiber mass content of 44.5%, which gives a fiber volume content of 33.7%. This result is of the 

same order of magnitude as that reported in the literature and will be used as input of the pro-

posed periodic homogenization model. 

Figure 1-Unit cell extracted from the whole structure. 
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2.1.2. Determination of porosity value for modeling 

The second required data to size the dimension of the unit cell is the porosity. Blok et al. 

[9] characterized three kinds of porosities of a 3D printed continuous fiber-reinforced compo-

site: inter-bead voids, fiber pull-outs and gas bubbles. As the characterization on porosity is out 

of the scope of this paper, to illustrate the modeling, we adopted the porosity values reported in 

literature (Table 2) to design our unit cell. It is noted that the porosity varies between 7% and 

15%. To study the influence of this porosity on the homogenized elastic properties, a parametric 

study on the unit cell is performed in section 3.3. 

Reference Printer Method Porosity 

Melenka et al. [3] Markforged MarkOne Unknown 10% 

Blok et al. [9] Markforged MarkOne Unknown 9% 

Chabaud et al. [20] Markforged MarkTwo Dry-Wet method (ASTM D2734-16) 15% 

Ekoi et al. [22] Markforged MarkTwo Electron Microscope Analysis 7-11% 

Table 2 - Porosity value range reported in literature. 

2.2.Inputs for the periodic homogenization model 

Our unit cell contains two materials, the fiber and the matrix, marked respectively in blue 

and purple in Figure 2. The fiber content was selected to be 33.7% according to section 2.1.1. 

For the matrix, we used a linear isotropic material with a Young’s modulus of 1.7 GPa (Nylon 

properties from the Markforged Datasheet [11]). For the carbon fiber, we used a transverse 

isotropic model with a longitudinal Young’s modulus of 173.24 GPa. Van der Klift et al. [23] 

found two different experimental values for the longitudinal Young’s modulus, 173.24 GPa and 

230 GPa, and recommended to use 230 GPa because it corresponds to the TORAYCA® T300 

tow made by TORAY®. But we believe that it could be appropriate to retain 173.24 instead of 

230 GPa because: 1) it is in the lowest range of Young’s modulus for a carbon fiber and a fiber 

must not be too stiff to be printable; 2) with 173.24 GPa as input, our periodic homogenization 

model provides a longitudinal Young’s modulus very close to 60 GPa for the printed composite 

material which is consistent with the Markforged Datasheet [11]. Regarding the porosity, we 

used it as a parameter to fit the experimental data. Figure 2 gives an example of 3 different unit 

cells with 3 different values of porosity. 

Figure 2 - Meshes of 3 unit cells with porosity equal to: 0% (a); 9% (b); 13% (c) 

(a) (c) (b) 
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3. VALIDATION OF THE PERIODIC HOMOGENIZATION MODEL 

To validate our periodic homogenization model, we compared it to the real material’s me-

chanical behavior in the following way:  

• we performed tensile tests on real printed specimens (section 3.1) 

• we developed a finite element model of the tensile test by embedding the homogenized 

properties (section 3.2) 

• we compared the numerical results obtained with this FE model to the experimental data 

(section 3.3). 

3.1.Tensile Tests  

 The tensile tests have been performed on a LR 50K tensile tester 

produced by Lloyd Instruments (Figure 3). The deformation was 

measured with an extensometer from Epsilon Technology Corp. The 

chosen specimen geometry is the ASTM D638-14 Type I, as several 

articles proved that it was the best geometry to perform tensile tests on 

3D printed materials [3, 7, 9, 24, 25]. The parts have been printed with 

a Markforged X7 printer. The printer imposes a layer height of 0.125 

mm for continuous carbon fiber printing. The sample are 26 layers 

high, with 5 layers of roofs and floors (approximately 0.625 mm) and 

2 beads of walls (approximately 0.8 mm). The tensile tests were per-

formed on 3 batches of 5 printed samples: 

• First sample: fibers oriented in the tensile direction (α=0°, Fig. 4b) 

• Second sample: fibers oriented perpendicular to the tensile direction (α=90°, Fig. 4c) 

• Third sample: fibers oriented with angles of 45° and -45° alternatively (α=45/-45°, Fig. 4d) 

 

Figure 4 – Specimen of ASTM D638-14 Type I  - (a): dimensions;                                   

(b-d): different fibers’ orientations 

Figure 3 - Tensile machine 

(b) (a) (c) (d) 
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3.2.Finite Element model 

In this section, we present the finite element model of the tensile test we developed with 

the Ansys mechanical APDL software. The model’s geometry is parallelepipedal and the length 

is equal to the initial length of the extensometer (25 mm). The width and thickness are equal to 

the mean values of the 5 specimens for each batch. As the printed parts contains walls, roof and 

floor surrounding the continuous fiber-reinforced material, two different volumes have been 

defined with two different materials: a composite core and a Nylon envelope, respectively in 

blue and purple in Figure 5. The composite core was meshed with multilayered SOLSH190 

elements while the Nylon envelope was meshed with solid tetrahedrons SOLID186 elements. 

The two meshed parts were linked with a bonded contact thank to CONTA174 and TARGE170 

elements. The behaviors of the walls, floor and roof were modelled with the isotropic properties 

of the Nylon provided by Markforged [11] while the behavior of the composite was modelled 

with a linear orthotropic law calculated previously with the periodic homogenization model. 

Conventional boundary conditions corresponding to a tensile test were applied by clamping 

the bottom faces of the structure while the front faces were subjected to a displacement control-

ling the tensile test along the x-axis. 

3.3.Results and discussion 

To assess the appropriateness of the periodic homogenization model including porosity, we 

compared the experimental data with finite element results, as shown in Figures 6 and 7. Four 

cases, represented by circles in Figure 6, were studied with a variation of the porosity from 0 to 

13% and two intermediate values of 5% and 9%. The Young’s Moduli E of the specimen were 

calculated in each case by dividing the reaction force F (computed on the bottom faces of the 

specimen with the FE model) by the areas S of these faces multiplied by a strain 𝜀 equal to 

0.5%: 

 𝐸 =
𝐹

0.005 × 𝑆
 (6) 

 In Figure 6, the vertical axis represents the ratio of correlation between two Young’s mod-

uli: the first is calculated according to eq. (6) and the second one is measured with the test. The 

ratio value is closer to 1, and the numerical computation result agrees better with that of exper-

iments. Figure 6 shows that the correlation is almost perfect along the fibers (α=0°). In addition, 

Figure 5 - FE geometry of specimen (composite material in pur-

ple, Nylon in blue) 
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in the fiber direction, the porosity has a low influence on the stiffness since the ratio of corre-

lation remains very close to 1 in the four cases. This was expected because the stiffness of the 

specimen in the longitudinal direction is mainly influenced by the stiffness of the fiber, and it 

is well known [9] that the porosity is mainly located inside the matrix and not the fiber. On the 

other hand, we can see that the porosity has a huge influence on the stiffness in other directions 

(α=90° and α=45°/-45°) and that the stiffness of the model logically decreases when the porosity 

increases. 

In addition, it is observed in Figure 6 that the ratio of correlation for the 45°/-45° sample is 

better with a low porosity (under 1%). That indicates that the printing process has a huge influ-

ence on the void creation within the printed part, and a composite printed with an alternance of 

layers 45°/-45° is beneficial to decrease the voids content. This property was studied by 

Rodríguez et al. [26] who proved that each printing pattern resulted in a different porosity. 

Finally, with a porosity around 10%, it is noted in Figure 6 that the ratios of correlation are 

equal to 1 in the longitudinal as well in the transverse directions. This porosity value corre-

sponds to the measurements performed by Melenka et al. [3], Blok et al. [9] and Ekoi et al. [22], 

as reported in Table 2. That proves that the periodic homogenization model including the effect 

Figure 6 - Correlation between tensile test and finite element simulation 

Figure 7 - Stress-Strain curves (α=90°) 
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of the porosity can provide reliable information on the material properties in the direction trans-

verse to the fiber. This is confirmed by Figure 7 where the stress-strain curve computed with a 

porosity of 9% fits almost perfectly with the stress-strain curve of the test. 

4. CONCLUSION 

We developed a finite element model including the effect of porosity to predict the material 

properties of 3D-printed continuous carbon fiber-reinforced composites. This model is based 

on the periodic homogenization theory and allows to link the properties of the constituents at 

the microscopic scale with the homogeneous equivalent properties of the printed composite at 

the macroscopic scale. The reliability of this model was assessed by finding a fair agreement 

between the numerical results and the experimental data coming from tensile tests performed 

in 3 different configurations of the fiber’s orientation. 

The main conclusion is that the porosity has a significant influence on the transverse prop-

erties of the printed composite and that the amount of porosity depends on the fiber’s orientation 

difference between two layers. Therefore, the influence of printing parameters and implicit in-

terrelations between printing parameters and the simulation model will be further investigated 

in the next step. The final objective is to structure some guidelines or a framework to support 

the development of a new simulation-driven generative design for AM method, which is tai-

lored for this special composite printing process to gain computation cost via the proposed 

simulation model.  
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