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Abstract
The ability to control geometric and mechanical properties of parts fabricated using laser-based

manufacturing processes requires an understanding and control of melt pool geometry and mi-
crostructure. With the development of electron beam manufacturing or future beam-based depo-
sition processes, the user may have more control over the distribution of incident energy, so that
beam width becomes a potential process variable. As such, the focus of this work is the effect
of a distributed heat source on melt pool geometry (length and depth) and the thermal conditions
controlling microstructure (cooling rates and thermal gradients) in beam-based solid freeform fab-
rication. Previous work by the authors has employed the Rosenthal solution for a moving point
heat source to determine the effects of process variables (laser power and velocity) on solidifica-
tion cooling rates and thermal gradients controlling microstructure (grain size and morphology) in
laser-deposited materials. Through numerical superposition of the Rosenthal solution, the current
work extends the approach to include the effects of a distributed heat source for both 2-D thin-
wall and bulky 3-D geometries. Results suggest that intentional variations in beam width could
potentially enable significant changes in melt pool geometry without affecting microstructure.

Introduction
Over roughly the past decade, a number of laser-based material deposition processes have been

developed for automatic fabrication of complex parts, adding features to existing parts, or repair of
worn components. However, the widespread commercialization of these processes will ultimately
require the ability to predict and control melt pool size, residual stress and microstructure through
changes in process variables (e.g., laser power and velocity) [1]. With the advent of electron beam
manufacturing or other next-generation processes, designers may have increased control over the
distribution of incident energy compared to laser-based manufacturing. As a result, the ability to
change the distribution of power (e.g., through changes in beam width) represents an additional
process variable.

Among the key deposit characteristics, the control of melt pool size assumes the highest pri-
ority within the manufacturing community. This is because a consistent melt pool size is needed
before specific features can even be built. At the same time, the control of microstructure is also
critical, particularly in aerospace and other structural applications that have strict guidelines on re-
sulting mechanical properties. While the control of melt pool size and solidification microstructure
have been addressed in the literature [2], their interconnection has yet to be fully investigated. In
particular, it has not been shown how changing process variables to control melt pool size might
simultaneously affect cooling rates and thermal gradients which ultimately control microstructure.

To this end, the current study investigates how changes in laser or electron beam width simul-
taneously affect melt pool geometry and microstructure in beam-based solid freeform fabrication.
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The approach is based on superposition of the well known Rosenthal solution for a moving point
heat source traversing an infinite substrate [3], which has found extensive application in the lit-
erature. While the Rosenthal solution was initially applied to welding, its application to laser
deposition was first carried out by Dykhuizen and Dobranich [4]. Vasinonta et al. subsequently
used the Rosenthal solution to guide the development of process maps relating laser deposition
process variables to melt pool size and residual stress [5, 6]. The present authors have adopted
a similar approach to the development of thermal process maps for predicting solidification mi-
crostructure in laser deposited materials [7–9]. While the authors’ prior work has been limited to a
point heat source, the current study extends the approach to include the effect of a distributed heat
source on both melt pool geometry and the thermal conditions controlling microstructure. Results
suggest that intentional variations in beam width could effect significant changes in melt pool size
without affecting microstructure.

Geometries Considered
This study considers both the thin-wall (2-D) and bulky (3-D) geometries of Fig. 1, in which

the process variables of interest are the absorbed power αQ and velocity V . In each case, it is
assumed that the height h and length L are sufficiently large such that the steady-state Rosenthal
solution for a moving point heat source applies [3].
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Figure 1: (a) Thin-Wall and (b) Bulky (3-D) Geometries Considered

Formulation for 2-D Thin Wall Geometry
This section presents the formulation for a uniform power distribution of finite width w by

superposition of the 2-D Rosenthal solution for a moving point heat source. The 2-D Rosenthal
solution for the quasi-steady-state heat conduction problem of Fig. 1 (a) has been given in dimen-
sionless form by Vasinonta et al. [5, 6] as

T = e−x0K0

(√
x2

0 + z2
0

)
, (1)

where K0 is the modified Bessel function of the second kind, order zero. The dimensionless
variables in eq. (1) are defined in terms of the absorbed laser power αQ and velocity V as

T =
T − T0

αQ

πkb

, x0 =
x0

2k
ρcV

and z0 =
z0

2k
ρcV

. (2)
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In the above normalizations, T is the temperature at a location (x0,z0) relative to the moving point
heat source and T0 is the initial temperature of the wall. The relative coordinates (x0,z0) are related
to fixed spatial coordinates (x, z) at any time t as (x0,z0)=(x−V t,z), where V is the laser velocity.
Also in eq. (2), the thermophysical properties ρ, c and k are the density, specific heat and thermal
conductivity of the material, which are assumed to be temperature-independent.

When the beam is modeled as a distributed heat source, the absorbed power αQ is distributed
over a dimensionless width w as shown in Fig. 2 (a). The resulting distributed heat source is
q = αQ/w. In keeping with the spatial normalizations of eq. (2), the normalized beam width is
defined as w = w/(2k/ρcV ).
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Figure 2: Uniformly Distributed Heat Source for 2-D Thin Wall Geometry

As illustrated in Fig. 2 (b), the quantity q(s) ds acts as a point heat source at a distance s from
the z0 axis. Hence, the solution corresponding to each point heat source q(s) ds can be obtained
by replacing x0with (x0 − s) in the dimensionless 2-D Rosenthal solution of eq. (1). The total
solution is obtained by summing all the point heat sources q(s) ds between −w

2
and w

2
, i.e.,

T =
1

w

∫ w

2

−
w

2

e−(x0−s) K0

(√
(x0 − s)2 + z2

0

)
ds̄ . (3)

Equation (3) represents the dimensionless 2-D Rosenthal solution for an absorbed power αQ uni-
formly distributed over a beam width w.

Representative Results for 2-D Thin Wall Geometry
This section includes representative dimensionless results which illustrate the effect of beam

width on melt pool geometry and microstructure for 2-D thin wall geometries. For the purpose of
illustration, attention is restricted to small-scale deposition of Ti-6Al-4V, although more compre-
hensive results are given in [10]. The values of laser power (Q = 350 W) and velocity (V = 4.23
mm/s) considered here fall in the range of powers and velocities that are typical of those used in
the LENSTM deposition of thin-wall geometries. The thermophysical properties of Ti-6Al-4V are
assumed constant at the melting temperature Tm = 1654◦C, while the absorption coefficient is as-
sumed to be α = 0.35. Finally, the wall thickness is assumed constant at b = 2.26 mm, which is in
keeping with that used in the authors’ prior published work [7–9,11]. The above values correspond
to a dimensionless melting temperature T m = 2.88, where

T m =
Tm − T0

αQ

πkb

. (4)
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Effect of Beam Width on Melt Pool Geometry
In order to determine the melt pool geometry (length and depth), the coordinates (x0, z0) which

lie on the boundary of the melt pool are determined by replacing T with the melting temperature
T m and finding the roots of eq. (3) numerically. In so doing, both the numerical integration and
root finding are conducted using the software package MATLAB. The resulting normalized melt
pool length l̄ and normalized melt pool depth d̄ are defined as

l =
l
2k

ρcV

and d =
d
2k

ρcV

, (5)

which are in keeping with the spatial normalizations of eq. (2).

The normalized melt pool length and depth are plotted as a function of normalized beam width
in Fig. 3. For the given velocity and material properties, the results of Fig. 3 correspond to actual
beam widths in the range 0 < w < 1.51 mm. The values of normalized melt pool length l̄ and
normalized melt pool depth d̄ along the ordinate w = 0 correspond to the Rosenthal point source
solution, and are in agreement with results previously published in the literature [6, 12, 13].
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Figure 3: Effect of Normalized Beam Width on (a) Normalized Melt Pool Length and (b) Normal-
ized Melt Pool Depth for T m = 2.88

The results of Fig. 3 (a) indicate that the normalized melt pool length initially increases as the
laser power is changed from a point source (w = 0) to a uniformly distributed source of width
w. This is because spreading out the heat source initially heats more material along the length to
temperatures above Tm. This increase in melt pool length continues until it reaches a maximum
value at a specific value of w. At this point, the heat flux becomes insufficient to melt any additional
material along the length, so that subsequent increases in w result in a decrease in melt pool length.
This decrease in melt pool length continues until the heat flux is no longer sufficient to melt any
material at all, so that the melt pool ceases to exist (l → 0).

In contrast to the normalized melt pool length, the normalized melt pool depth decreases mono-
tonically with increasing w (Fig. 3 (b)). While spreading out the heat source initially melts more
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material in the length direction, the amount of heat available to melt the material through the depth
decreases. As observed for melt pool length, this decrease in melt pool depth continues until the
point when the melt pool ceases to exist (d → 0). Inspection of the ordinate scales in Fig. 3
suggests that melt pool depth is more sensitive to changes in beam width compared to melt pool
length; however, results also suggest that changing the beam width can have a significant effect on
melt pool length, melt pool depth and the overall shape of the melt pool.

Effect of Beam Width on Microstructure
As discussed in [7–9], the microstructure (grain size and morphology) of deposited metals de-

pends on cooling rates and thermal gradients at the onset of solidification (i.e., along the boundary
of the melt pool). For the case of a distributed heat source, expressions for the dimensionless cool-
ing rate and thermal gradient can be obtained through analytical differentiation of equation (3),
and are given in [10].

0 0.2 0.4 0.6 0.8 1
0

2

4

6

8

10

12

14

16

z0

zm

∂T

∂t

w = 0.00
w = 0.05
w = 0.10

(a) Normalized Cooling Rate

0 0.2 0.4 0.6 0.8 1
0

2

4

6

8

10

12

14

16

z0

zm

|∇T|

w = 0.00

w = 0.05

w = 0.10

(b) Normalized Thermal Gradient

Figure 4: Effect of Normalized Beam Width on (a) Normalized Cooling Rate (b) Normalized
Thermal Gradient for T m = 2.88

Representative results for the normalized cooling rate and thermal gradient are plotted in Fig.
4 as a function of relative depth within the melt pool for selected values of the beam width w. The
relative depth within the melt pool varies in the range 0 ≤ z0/zm≤ 1, where zm is the maximum
depth of the melt pool for given values of T m and w. As discussed in [9], the dimensionless cooling
rate ∂T/∂t is related to the actual cooling rate ∂T/∂t as

∂T

∂t
=

(
2πk2b

αQρcV 2

)
∂T

∂t
, (6)

while the relationship between the dimensionless thermal gradient
∣∣∇T

∣∣ and the actual thermal
gradient |∇T | is given by

∣∣∇T
∣∣ =

(
2πk2b

αQρcV

)
|∇T | . (7)
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In Fig. 4, the curves corresponding to w = 0 are in agreement with the authors’ previous
results based on the Rosenthal point source solution [7, 9]. In particular, the results indicate that
the solidification cooling rates decrease significantly through the depth of the melt pool, while the
thermal gradients (although slightly increasing) are much less sensitive to depth.

The results of Fig. 4 (a) reveal that increasing w results in an increase in both thermal gradient
and cooling rate up to a certain depth within the melt pool, after which cooling rates and thermal
gradients begin to decrease (relative to those for w = 0). This effect can be explained as follows.
For the case of a point source (w = 0), the left hand boundary of the melt pool (i.e., the solidi-
fication boundary) is always relatively far from the heat source. As the laser power is distributed
(increasing w), the solidification front near the surface begins to see the edge of the distributed
source, which leads to an increase in both cooling rate and thermal gradient. However, beyond a
certain depth within the melt pool (i.e., further away from the edge of the distributed source), bulk
heating of the melt pool due to the distributed source results in a decrease in both cooling rate and
thermal gradient compared to their point source counterparts. Still, both the solidification cooling
rate and thermal gradient appear to be less sensitive to changes in laser beam width compared to
the melt pool geometry (length and depth).
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Figure 5: Effect of Beam Width on Predicted Grain Morphology in Ti-6Al-4V
(Thin-Wall Geometry with Q = 350 W, V = 4.23 mm/s, b = 2.26 mm and α = 0.35)

Effect of Beam Width on Grain Morphology
As discussed in [7–9], results for solidification thermal gradient and cooling rate can be inter-

preted in the context of a solidification map to provide predictions of grain morphology in Ti-6Al-
4V. Given the solidification cooling rate ∂T

∂t
and thermal gradient G = |∇T|, the solidification rate

R is determined as

R =
1

G

∂T

∂t
. (8)
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The expected grain morphology can be predicted as either equiaxed, columnar or mixed by plotting
points in G vs. R space (i.e., on the “solidification map”), which has been previously calibrated
for Ti-6Al-4V [14].

A solidification map showing the effect of beam width on predicted grain morphology for
small-scale (low power) deposition of thin-wall Ti-6Al-4V deposits is shown in Fig. 5. The values
of G and R plotted in Fig. 5 are extracted from the dimensionless cooling rate and thermal gradient
plots of Fig. 4, with thermophysical properties at 1654◦C and process variables as previously
noted.

From Fig. 5, it is clear that the data points corresponding to all beam widths fall in the fully
columnar region. This result is in keeping with the solidification map predictions previously re-
ported for a point heat source [7–9, 15], as well as with experimental observations for LENSTM

deposited Ti-6Al-4V [15,16]. More importantly, the results of Fig. 5 reveal that in contrast to melt
pool geometry, solidification grain morphology is insensitive to changes in beam width.

Formulation for Bulky 3-D Geometry
This section presents the formulation for a uniform distribution of power over a circular beam

of finite width w by superposition of the 3-D Rosenthal solution for a moving point heat source.
The formulation for a square beam can be found in [10].
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Figure 6: Uniformly Distributed Heat Source for Bulky 3-D Geometry (Circular Beam Profile)

The 3-D Rosenthal solution for the quasi-steady-state heat conduction problem of Fig. 1 (b) is
given in dimensionless form as

T =
e
−

“
x0+

√
x2

0
+y2

0
+z2

0

”

2
√

x2
0 + y2

0 + z2
0

. (9)

The dimensionless variables in eq. (9) are defined in terms of the absorbed laser power αQ and
velocity V as

T =
T − T0

(αQ

πk
)(ρcV

2k
)
, x0 =

x0

2k
ρcV

, y0 =
y0

2k
ρcV

and z0 =
z0

2k
ρcV

. (10)

The above definition of T is in keeping with that used for bulky 3-D geometries in [5, 7, 13, 17],
and differs by a factor of 2 from a more recent definition used by other researchers [18–20].
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When the beam is modeled as a uniform distributed heat source with a circular beam profile,
the absorbed power αQ is distributed over a circle of dimensionless diameter w as shown in Fig.
6 (a). The resulting distributed heat source is q = αQ/(πw2/4). As illustrated in Fig. 6 (b), the
quantity q rdr dθ acts as a point heat source at a location (r, θ) from the origin. Hence, the solution
corresponding to each point source q rdr dθ can be obtained by substituting αQ = q rdr dθ, x0 =
x0 − r cos θ and y0 = y0 − r sin θ into the dimensionless 3-D Rosenthal solution of eq. (9).
The total solution is obtained by summing all the point heat sources across the circular beam area,
i.e.,

T =
4

πw2

∫ 2π

0

∫ w

2

0

e
−

n
(x0−r cos θ)+

√
(x0−r cos θ)2+(y

0
−r sin θ)2+(z0)2

o

2
√

(x0 − r cos θ)2 + (y0 − r sin θ)2 + (z0)
2
r dr dθ . (11)

Equation (11) represents the dimensionless 3-D Rosenthal solution for an absorbed power αQ
uniformly distributed over a circular beam of diameter w.

Representative Results for Bulky 3-D Geometry
This section includes representative dimensionless results which illustrate the effect of beam

diameter on melt pool geometry and microstructure for bulky 3-D geometries. Attention is largely
restricted to small-scale deposition of Ti-6Al-4V, while more general results are provided in [10].
The values of laser power (Q = 550 W) and velocity (V = 8.47 mm/s) considered here fall in the
range of powers and velocities that are typical of those used in LENSTM deposition of bulky 3-D
geometries. Along with Ti-6Al-4V properties at Tm = 1654◦C, these values of power and velocity
correspond to a dimensionless melting temperature Tm = 1.7, where

T m =
Tm − T0(
αQ

πk

) (
ρcV

2k

) . (12)
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Effect of Beam Width on Melt Pool Geometry
The normalized melt pool length and depth are plotted as a function of normalized beam di-

ameter in Fig. 7. For the given process variables and material properties, the results of Fig. 7
correspond to actual beam widths in the range 0 < w < 2.0 mm. While trends in the normalized
melt pool length and depth are similar to their 2-D counterparts of Fig. 3, the melt pool geometry
for bulky 3-D geometries is somewhat less sensitive to variations in beam width. Still, it is clear
that variations in beam width can effect significant changes in melt pool geometry for bulky 3-D
deposits.

Effect of Beam Width on Microstructure
The expressions for the dimensionless cooling rate and thermal gradient can be obtained through

differentiation of eq. (11), and are given in [10]. Representative results for the normalized cool-
ing rate and thermal gradient on the solidification boundary are plotted in Fig. 8 as a function of
relative depth within the melt pool for selected values of the beam diameter w. For bulky 3-D
geometries, the dimensionless cooling rate ∂T/∂t is related to the actual cooling rate ∂T/∂t as

∂T

∂t
=

(
2k

ρcV

)2 (
πk

αQV

)
∂T

∂t
, (13)

while the relationship between the dimensionless thermal gradient
∣∣∇T

∣∣ and the actual thermal
gradient |∇T | is given by

| ∇T |=
(

2k

ρcV

)2 (
πk

αQ

)
| ∇T | . (14)

Overall, trends in normalized cooling rate and thermal gradient are similar to those previously
discussed for 2-D thin wall geometries, with the exception of a slightly anomalous behavior of the
cooling rate right at the bottom of the melt pool (z0/zm = 1). Whether this is a physical result or
simply numerical error is still under investigation.
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Solidification maps showing the effect of beam width on grain morphology for both small-
scale (low power) and large-scale (higher power) deposition of bulky 3-D geometries are shown in
Fig. 9. The values of G and R plotted in Fig. 9 (a) are extracted from the dimensionless cooling
rate and thermal gradient plots of Fig. 8, with thermophysical properties of Ti-6Al-4V assumed
constant at the melting temperature Tm = 1654◦C. The values of G and R plotted in Fig. 9 (b)
are extracted from similar cooling rate and thermal gradient plots for a large-scale process (higher
power, T m = 0.06) that can be found in [10].
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Figure 9: Effect of Beam Width on Grain Morphology in (a) Small- Scale and (b) Large-Scale
(Higher Power) Deposition of Bulky 3-D Ti-6Al-4V Deposits

From Fig. 9 (a) (small-scale process), it is clear that the data points corresponding to all beam
widths and depths fall in the fully columnar region. This result is in keeping with the solidification
map predictions previously reported for a point heat source [7, 8], as well as with experimental
observations for LENSTMdeposited Ti-6Al-4V [14, 21]. The results of Fig. 9 (b) (large-scale
process) suggest the possibility of a graded microstructure through the depth of the deposit, with
a mixed or even fully equiaxed microstructure at the surface. This result is again in keeping with
the solidification map predictions previously reported for a point heat source [7,8], as well as with
experimental observations reported in the literature for a 14 kW large-scale process [14]. While
spreading out the heat source (increasing w) moves the data slightly toward the fully columnar
regime, the results of Fig. 9 appear largely insensitive to variations in beam width.

Summary and Conclusions
The ability to produce parts with required geometric and mechanical properties using beam-

based solid freeform fabrication requires an understanding and control of melt pool geometry and
microstructure. With the development of electron beam manufacturing or other next-generation
beam-based deposition processes, the user may have more precise control over the distribution of
incident energy (e.g., beam width). Through superposition of the Rosenthal solution for a mov-
ing point heat source, the current study has investigated the effect of beam width on melt pool
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geometry (length and depth) and the thermal conditions controlling microstructure (grain size and
morphology) for both 2-D thin wall and bulky 3-D geometries. The results of this work suggest
that variations in beam width can effect significant changes in melt pool geometry without altering
the microstructure.
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