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Abstract

The freeze—form extrusion process for aqueous—based ceramic paste is complex due to the non—
Newtonian behavior of the paste. In this paper the process is studied numerically using a
developed mathematical model. The ceramic paste viscosity is characterized by the Herschel—
Bulkley model. The relationship between plunger velocity and extrusion force is computed
numerically. The influence of air, which is mixed with the paste during the loading process, is
also examined. Due to the compressibility introduced by the trapped air, the plunger force
dynamic response is typically dominated by a first order response. It is also shown that the
extrusion plunger force depends on the volume of air in the extruder. Good agreement is
obtained between the simulation results and experimental data.

Keywords: Ceramic paste extrusion; Numerical simulation; Non—Newtonian flow

Nomenclature

A Cross—sectional Area (mz)
C,D: Constants

F. Force (N )

k Consistency index (kg/m-s)
/ Length (m)

n. Power law index

P Pressure (Pa)

p Pressure drop rate (Pa/m)
r,0,z.  Coordinate (m,rad,m)

T. Temperature (K )

t. Time (s)

U,,Uy,U, . Velocity in, 6 and z directions (m/s)
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Upu . Paste bulk velocity (m/s)

u,, Plunger velocity (mjs)

4 Volume (m3)

V. Volume flow rate (m3 / s)

P Density (kg/m3)

n Non-Newtonian viscosity (Pa-s)
T, Shear stress (Pa)

7. Yield stress threshold (Pa)

V. Shear rate (s"l)

Ve. Critical shear rate (S*I)

1. Introduction

Due to their high heat resistance and hardness, ceramic materials are widely used in automotive,
aerospace and other modern industries. However, traditional technologies for ceramic material
processing are often expensive and time consuming, especially when complex geometries are
involved. In recently years, several Solid Freeform Fabrication (SFF) processes have been
developed to fabricate ceramic components from three—dimensional (3D) CAD models,
including Fused Deposition of Ceramics [1], Fused Deposition Modeling [2], Extrusion
Freeform Fabrication [3], 3D Printing [4], Selective Laser Sintering [5,6], Shape Deposition
Manufacturing [7], and Robocasting [8, 9].

Freeze—form Extrusion Fabrication (FEF) is a novel, environmentally friendly SFF method for
ceramic parts fabrication [10—-12]. It is designed to use ceramic pastes with a high solids loading
up to 50 vol.% and only trace amounts of organic binder (vol.1-4%). During the process,
aqueous based colloidal paste is extruded from one or multiple extruders to fabricate a ceramic
component in a layer-by—layer manner. The low temperature environment will help the part to
maintain its shape by freezing the water present in the paste.

The behavior of the paste flow and the paste characteristics (e.g., viscosity and compressibility)
are crucial for ceramic component fabrication using extrusion methods. During paste
preparation and loading, air bubbles are trapped in the paste, resulting in paste compressibility.
Paste compressibility has typically been ignored by previous research studies concerning paste
flow behavior and characteristics, e.g., Benbow—Bridgwater equation [13], viscoplasticity
method [14], upper bound techniques [15], finite element method [16,17], and artificial neural
network [18].
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So far, few studies have been conducted in analysing the dynamic response of extrusion forces
when extruding non Newtonian pastes. An analytical model is first developed to describe the
relationship between plunger velocity and extrusion force when paste compressilbility is
considered. The simulation results are then compared with experimental results.

2. Geometry and Boundary Conditions
2.1 Geometry

A ram extruder for viscosity measurement is used to study the relationship between extrusion
force and plunger velocity. As shown in Fig.1, the ram extruder includes a barrel (part 2) to hold
the paste, a die (part 4) with a small diameter, a plunger (parts 5 and 7) and seals (parts 1, 3, and
6). The geometry model and symbols of the extruder are shown in Fig. 2.

Fig. 1: Ram extruder schematic.

Fig. 2: Ram extruder model.
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The dimensions of this ram extruder are /, = 60 mm, l; = 20 mm, and r, = 4.775 mm. Two
different diameter dies, die 1 (r; = 0.548 mm) and die 2 (r; = 1.048 mm), are used in this study.

2.2 Assumptions

The following assumptions are made:

(1) Since the velocity is small and the viscosity is large, the Reynold Number will be small;
therefore, the flow is taken as laminar.

(2) The material is homogenous.

(3) The barrel is completely filled by paste, except for studies where air is present.

(4) If otherwise stated, the paste is considered to be incompressible.

(5) The temperature is constant. Therefore, viscosity is only a function of shear rate and density
is only a function of pressure.

(6) The paste does not experience slip at the wall.

2.3  Boundary Conditions

The following boundary conditions are used:

(1) Since the paste does not experience slip at the wall, the relative velocity of the paste at the
wall in each direction is zero.

(2) The pressure at the extruder outlet is 101325 Pa. Therefore, the pressure of the paste at
boundary 5 shown in Fig. 2 is 101325 Pa.

(3) The plunger is modeled as a moving wall. Thus, the velocity of fluid at boundary 1 shown in
Fig. 2 is equal tou,, .

3. Mathematical Modeling
3.1 Governing equations

For paste flowing in a pipe, its continuity and momentum equations are given by the Navier—
Stokes equations in cylindrical coordinates. Since there is no source or velocity in the &
direction, the terms involve € can be neglected. The continuity equation becomes

——(ru, )+—===0 (1)

r or 4

The momentum equation in the radial direction becomes

ou ou ou op 10 r. Ot
L+ L+ S l=pg. ——+——|(rr, ) - +—= 2
p‘: ot u, or : 0z } PE: or r 8r(m-”) ro 0z @
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The momentum equation in the @ direction is neglected and the momentum equation in the z
direction becomes

/{auz o, Py auz}=pgz—a—p+li(m)+ar” 3)
zZ

Oz ror Oz

3.2 Viscosity model

The paste viscosity is described by Herschel-Bulkley model [19]

n—1
Tovk (lj if 7>y,
4 Ve
n= (ol (4)
[ﬁ+k(2—n)}+{m—r—g}/ if y<y,
7/(' }/C 7/0
3.3  Pressure drop rate
ou ou or . .
For fully developed flow, 5 ==0,u =0 ,a—z =0, and . = = (). In this case equation (2) can be
4 /4 z
neglected, and equation (3) can be rewritten as
op 10
——+——(r7_)=0 5
gz 82 . ar( rz) ( )

rz-rz:_(a_p_pgzjrz-‘rDO (6)
When =0, 7. must be finite. Therefore, D, =0 and

1(op
=—| £ 7
= 2(82 szj’” (7)

ou, > () the value of z_should be positive.
-

When fluid flows in the negative z direction (i.e.,

From equation (4) and using this fact
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yit\or

rz 2
) o
7. or 7. y: |\ or or

From equation (8), when aauz 2y,
r

T+L(%jn_l£5_lﬂ_ jr
0 y' ' or 2\ oz P&

r0+i(a”2j it Jesy

Rearranging equation (9)

n—1 n-1
Letting p = (Z—p— pgzj C = 7/26k ,and C, = 7ckz'o , equation (10) can be rewritten as
zZ

1
drz =(C1pr—C2)"

Solving equation (11)

n 1 ntl
u, = ——(C,pr—-C,)» +D
F Tt clp( pr=G)r b

ou,
<7.
B
0

k(n-1 ?
%4_]((2_”) (auzj_i_ (I’l )_T_(; (%j =l(a_p_pgzjr
7. or 7. y. |\ or 2\ oz
b equation (13) can be rewritten as

Letting C3=ﬂ+k(2—n) and C4:k(n_1) 0
Ve Ve v.

From equation (8) with
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(14)

Solving equation (14)

ou, du., E£C;+2C,pr—C, 1
2

o dr 2C, C,

1

- C
C}+2C, pr) —— 15
( 3 4pl”) 2C, (15)

Since 7,>0, . >0, k>0, p>0, r>0,and O<n<1, C, >0 and C, <0. Therefore, if

1 1
du, =— (C32 +2C4pr)2 _ G , when r=0
dr 2C, 2C,
27,
4 k(2-
du C ¥ (2=n) 27, +y.k(2-n)
. = 7.>2y. (16)
dr C, k(n=1) 7, zy+7k(1-n)
ve 7
This is contrary to the assumption 8auz < y.. Therefore
r
du 1 c
t=——(CI4+2C, pr) ——2 17
dr 204(3 i) 2C, {17)
Solving equation (17)
1 5 :C
u =———I(C; +2C,pr)>* ——=r+D 18
Z 6CfC0(3 ) 2c, (18)
Therefore, the paste velocity in the z direction is
n+l1
z 'L.(Clp’”_cz)T"'Dl if o, 27,
L n+1 Cp or (19)
’ 1 2 .vu G .~ Ou,
C—j(c3 +2C4pl”) - 2C4 I”'|'D2 if or < 70
There are two possible conditions at » =7,: (1) EZ; <y, and (2) %Lj: > y.. For condition (1), the

governing equations are
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1 2C
u = C}+2C, pr)P———r+D 20
: ij( 2 +2C, pr) YRR (20)

_[usz = Zﬂjuzrdr =V= Tl Uy 1)
A 0

The boundary condition is

=0 (22)

Zlr=ny

Substituting equation (22) into equation (20)

1 .\ C
O=@(C§+2C4pro)2 —ﬁroﬂ—Dz (23)
Solving equation (23) for D,
3
p,=S, 1 (G +2C,pr, ) (24)

>0, 6C2p

Substituting equation (24) into equation (20)

1 2 C 1 2 C
u =|——(C*+2C,pr)2 ———r |- C?+2C,pr, )2 ——r, 25
z {6(75['?( 3 4P ) 2C, } {6(72}'?( 3 4P 0) 2C, o} (25)

Substituting equation (25) into equation (21)

? 1 ) v G 1 2 v G Uty
j{—6C2p (C3 + 2C4pr)2 - 2C, r} _{6@3}7 (C3 +2C, pr, )2 Y Ty | prdr = — (26)

0 4 4

Integrating equation (26)

5 7 3

n(CI+2C,pr, ) N c]-(C:+2¢,pr, ) LG (C3+2C,pn, )2 1y Ui
30C; p° 210C, p’ 12C, 12C; p 2

=0 (27)

In equation (27), the parameters C,, C,, C,, and C, are functions of the material property, and
the parameter 7, is determined by the ram geometry. Then, given a value for u, , , p can be

computed numerically by equation (27). For condition (2), the governing equations are given by
equation (21) and
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n+l
" l(Clpr—Cz)7+Dl if auZZ;/C

n+l Cp or
u, = 3
%(cj+2c4pr)2— < r+D, if Ou, <7
6C2p 2C, or

The boundary conditions are given by equation (22) and when aauz =y, u, 1s continuous.
r

Substituting equation (21) into equation (28) for aéuz >y,
r
Lo —C,)r 4D, =0
il Cp 1Pl — 4 1
Solving equation (29) for D,
n 1 n+l
D =—————(Cpr,—C,)n
'on+l Clp( O
o . . . ou
Substituting equation (30) into equation (28) for 3 =2y,
r
u, = —(C,pr—-C,)n — —(C,pr,—C,)
S il S K ot CLAY

ou ) ) .. )
Therefore, when 5 = =y_, the radius at which the critical shear rate occurs is
A

. :7:+C2

©Gp

) ) ) ou
Since u_ is continuous when —= =y,
or

n

1 ) n+l . n+tl 1 . v C
n+1'@‘:(c1p’”c_cz) 8 —(Clpro—Cz) " }=6C (C32+2C4prc)2—2é r.+D,

Substituting equation (32) into equation (33)

n+ C |y +C 2C, \y'+C
D, = - 'L.|:7/Z+]_(C1pro_cz)"1:l+ 3(7/‘ ,2)— 12.[ 2+ 4(7/° 2)}
n+l Cp 2C,Cp 6C,p
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Substituting equation (34) into equation (28) for aauz <7.
r

(- v G no L[ . : G
uZ=6C2_(C3+2C4pr) - r+ ¥ —(ClprO—Cz)n

2p 2C,  n+l Cpl'e
3 (35)
C3(7/:+C2) 1 2 2C4(7:+C2) ?
- |
2C,Cp 6C, p 1
From equation (21)
f f T Uy Ty
juzrdr = juzrdr + J.uzrdr =5 (36)
0 0 T,
Substituting equation (31) and (35) into equation (36)
3 7
2C, (y"+C,) |)? 2C, (y"+C,) )P
(7:,+C2) C32+ 4(7/c 2) C37— C32+ 4(7c 2)
G " G _ G |y +G,
30C;C,p’ 210C; p’ 6C,\ Cp
1 1 n+l C : +C
+—= ~. .l:7:+1_(c1pro_cz)” :|+M
21n+l1 Cp 2C,Cp
3
n 2
1 C2+2C4(7/°’+C2) ’ ve G
6Cip| ¢ Cp
n’ 1 2l "+ C
+ . r(Cpr.—C,) n —| Le——2 |2
(n+1)(2n+1) Cfpz[°( 1= Ca) [ cr ) (37)

3

n 1 3n+l
- . Cor. —C 30l
(n+1)(2n+1)(3n+1) C;p’ (Gpr=C) » = }

2
n 1 . ntl "y C I
- ——(Cpr, =Cy) | 1y - u _ Yo
2(n+1) Cp C.p 2

=0

In equation (37), 7., C,, C,, C,, and C, are given or functions of material properties, and 7, is

determined by the ram geometry. Given a value of u, , , p can be solved numerically by
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equation (37). Then, for a specific ram geometry and u,,, , 7, is calculated from equation (32)

and p is solved from equation (27) or equation (37).

3.4  Dynamic response

Consider a particle of compressible material in an incompressible paste. The mixture flows in a
pipe, as shown in Fig. 3.

Fig. 3: Schematic of a particle of compressible material in an incompressible paste flowing
in a pipe.

Applying mass conservation to the incompressible paste

udAd—|u dd= (38)
fra-J,

The volume of the particle of compressible material is a function of pressure
V=V(p,) (39)
From Section 3.3 and p = pl,
p=p(zu,) (40)

When the ram geometry consists of a large radius barrel connected with a small radius needle, it
can be shown that the pressure drop in the barrel can be neglected. This situation can be modeled
as a layer of compressible material (either pure compressible material or a mixture of
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compressible material and incompressible paste) above incompressible paste in the barrel. This
situation is illustrated in Fig. 4.

Compressible
Material

P p,,V, Paste

Fig. 4: Schematic of a situation with a layer of compressible material above incompressible
paste in the barrel.

In this model, p is only a function of u, . In this case, equations (38) and (40), respectively, can

be written as

(u,~u,)4, = (41)

p=p(u,) (42)

If the compressible material in Fig. 4 is pure air with initial layer thickness /,, equation (39)

becomes

= -7 (43)
p(1)
Integrate equation (41) with respect to time and noting that (0) =14,
v(r)=[z-z()]4, (44)
Combining equations (43) and (44), and solving for p(t)
p (0) ly
t)=—-"—"—— 45
p(t) P——ry (45)
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Substituting equation (45) into equation (42) with the expression u, = @,

dt
dz p (0) L

t)=p| —= |=—FF— 46

p() p( dtj Za—Zp(l‘) (46)
This equation can be rewritten as the following Initial Value Problem

dz _ 0)!

%y _ | 2O (47)

dt zZ,—2, (1)

where z (0)=1/,. In this case, z, can be obtained by solving equation (47), and u, and F
a 0 a a

ram >

dz,

respectively, can be obtained from u, = t and F,,, = p(u,)A4,.

ram

4, Results and Discussion

In order to predict the extrusion force, a paste viscosity is obtained by conducting a set of
experiments using die 1 (i.e., 7y = 0.548 mm). After determining the paste viscosity model, a
series of experiments are conducted using die 2 (r; = 1.048 mm) to validate the viscosity model.
The dynamic response data is also recorded in these experiments.

Each experiment consists of three extrusion experiments, two without paste and one with paste.
The first experiment is conducted without paste at a ram velocity 0.25 mm/s to test whether the
barrel and plunger have been well lubricated. The second experiment is conducted without paste
using the same ram velocity that will be used in the third experiment, which will be conducted
with paste. The second experiment is used to determine the friction between the barrel and
plunger.

4.1 Viscosity Model

The paste viscosity is tested using the ram extruder depicted in Fig. 1 with die 1. The Herschel—-
Bulkley model parameters are identified using steady state forces for different plunger velocities.
The viscosity model parameters are listed in Table 1. The identified model is then compared with
experimental results in Fig. 5. The goodness of fit is validated by a sum of squares due to the
error of 2.78 N?, a correlation coefficient of 0.993, and a root mean squared error of 1.18 N.
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30+
€ 250
1]
2
o
L
E 20}
1

15+

—— Herschel-Bulkley Model
O { Experimental Data
10 | | | | 1
0 0.1 0.2 0.3 04 05

Ram Velocity (mmis)

Fig. 5. Viscosity model test results.

Table 1. Material properties of alumina paste.

Viscosity model
Consistency index k (kg/m-s) | 102.20
Power law index n 0.4626

Yield stress threshold 7, (Pa) 454.23

Critical shear rate y, (1/s) | 10.042

4.2 Steady State

After determining the paste viscosity, tests are conducted using die 2 to experimentally verify the
viscosity model. The viscosity model in equation (4) is used in the proposed mathematical model
to predict the extrusion force. The comparison between validation experiment and analytical data
is shown in Fig. 6.
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Y Y
o ha
T T

un)
T

Ram Force {M)

U |

—— Theoretical

< Experiment

0 02

Fig. 6: Comparison of experimental and theoretical steady state extrusion forces using die 2.

It can be observed that good agreement is obtained between experiment and simulation results
especially in low velocity area (see Table 2). The maximum absolute percent error is 27.1%. The
difference in high velocity area may be caused by friction between barrel and plunger. Although
the barrel is always well lubricated before each extrusion experiment, when the barrel is loaded
with paste, the lubrication conditions may change. The error bars in Figure 6 are derived from a
series of experiments with a variety of constant plunger velocities where paste was not extruded.
The range of friction for each velocity was determined via the recorded ram forces in these

experiments.

Table 2. Errors for experiments in Figure 6.

04

0.6
Ram Velocity (mmis)

08

1.2

Ram Velocity (mm/s)

0.05

0.1

0.15

0.25

0.5

0.75

Error (%)|

11.3

4.65

4.57

4.94

18.7

22.5

27.1
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4.3 Dynamic Response

To predict the extrusion force using the developed analytical model, the air volume fraction must
be known. However, the air volume fraction in the paste is difficult to measure in practice and
varies significantly between different batches of paste. To identify the air volume fraction, the
extrusion process is given a set of constant velocities as shown in Figure 7. According to the
dynamic model derived in Section 3.4, the dynamic response time constant is only a function of
initial air layer thickness. Therefore, the time constant of first transient phase (in this case
between 288 and 381 s) is be used to identify the air volume fraction. With the identified air
volume fraction, the extrusion force dynamic response is calculated for different plunger
velocities and compared with the experimental results, as shown in Fig. 7. In this case, according
to the transient section between time 288 to 381 s, the initial air layer thickness is identified as
8.5 mm. The friction is assumed to be a constant 2 N based on the average of all of the friction
data that was collected (not shown here). The friction varies tremendously from experiment to
experiment. The results in Fig. 7 are plotted with a constant friction of 1.5 N. In this case the
simulation shows much better correlation with the experiment.

30
Experiment
251 —~~Simulation u,=0.25mm/s
u,=0.15mm/s _.l
20+ o~
— u,=0.1mm/s vy
z /
® 151 u,=0.05mm/s - - -
e / Small Air i
£ 10r Bubble
(14 Release
St Not \
- Completely L Ai 8 k\
| Filled arge Alr -
0 e Bubble /
Release
_5 1 1 1 1 1 1 ]
0 100 200 300 400 500 600 700
Time (s)

Fig. 7: Experimental and simulation dynamic extrusion responses with friction = 2 N.
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251 —~~Simulation u,=0.25mm/s
u,=0.15mm/s J
20+ '
= u,=0.1mm/s
E 18| u,=0.05mm/s _
i 7
e / Small Air i
g 101 Bubble
©
(14 Release
5r Not
- Completely L Ai .L_
[ Filled arge Alr T
0 e Bubble /
Release
60 100 200 300 400 500 600 700
Time (s)

Fig. 8: Experimental and simulation dynamic extrusion responses with friction = 1.5 N.

It can be observed that
(1) Good agreement is obtained between the experimental and simulated steady state forces.

(2) Before the large air bubble release, good agreement is obtained between the experimental
and simulated transient responses.

(3) After the large air bubble release, the transient response has a much smaller time constant,
which means the compressibility is mainly caused by air trapped in paste.

(4) The difference of dynamic response at the beginning of extrusion may be due to the fact
that the die is not completely filled by paste.
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5. Summary and Conclusions

An analytical dynamic model was developed to describe the relationship between the ram
velocity and extrusion force in the extrusion of aqueous—based ceramic materials. Based on the
experimental and simulated results, the following conclusions can be drawn:

1. The mathematical model developed in this paper can be used to predict the steady state
extrusion force and dynamic response in ram extrusion process of aqueous—based ceramic
materials.

2. Since the paste viscosity is non—linear, the relationship between extrusion force and plunger
velocity is also highly non—linear.

3. The large time constant of the dynamic response is mainly caused by the air trapped in the
paste during both the paste preparation and loading procedures.
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