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Abstract

Lattice structures have drawn increased attention due to the advance of additive
manufacturing making it possible to fabricate these geometrically complex periodic structures.
The widely-adopted Triply Periodic Minimal Surface (TPMS) lattice are formed from predefined
level set functions having a single tunable parameter that defines the lattice geometry but lacks
design flexibility. This paper develops a radial basis function-based shape optimization technique
to modify the shape of TPMS lattice for improved structural performance. The finite element-
based shape sensitivity analysis used in the optimization is derived by both direct differentiation
and adjoint variable methods where special attention is given to periodic boundary conditions in
the formulation that updates the nodal locations while preserving the advantages of smooth varying
surface and cubic symmetric properties of TPMS. Scaffold or sheet TPMS lattice Representative
Volume Element (RVE) are optimized to for minimal strain energy and minimum anisotropy under
von Mises stress and volume constraints.

1. Introduction

Spatially varying design of triply periodic minimal surface (TPMS) lattice structures have
continued to gain interest among researchers, particularly as related to varying relative density [1],
hybrid functionality [2], non-uniform thickness structures [3], and varying lattice orientations [4]
for a wide range of lattice structures. Design schemes have been implemented at the macroscale
to tune mechanical performance with mesoscale design variables such as relative cell density and
orientation, where the transition between lattice unit cells is accomplished by interpolation or by
solving intermediate mapping functions [4]. However, these methods lack broader shape control
of the unit cell that is often treated as a Representative Volume Element (RVE). For instance,
minimization of stress concentration [5] or homogenized anisotropy [3] is of importance for the
fabrication of additive manufacturing and practical application but have yet to receive significant
attention .

TPMS unit cell design has been performed where the prior research has focused on tuning
effective material properties for sheet-based TPMS lattice structures [6]. Ad hoc modification of
TPMS lattice structures has been proposed for bone substitutes which resulted in improved
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stiffness and strength [7], the time-consuming grid search of modification parameters in this earlier
work is employed for computing the optimal solution. Shape optimization has emerged as an ideal
candidate for tailoring mechanical performance by adjusting local geometry in a prescribed
manner to satisfy specified structural requirements. For example, the open-cell variable thickness
TPMS shell lattice was optimized under a strain energy-based optimization algorithm to reduce
the elastic anisotropy [8]. Similarly, a non-uniform thickness TPMS sheet lattices were designed
to improve an elastic isotropy with underlying anisotropic constitutive materials, where the
universal anisotropy index was applied to lattices with cubic symmetry [3]. TPMS shell mid-
surfaces have also been designed where a B-spline parameterized Monge patch was defined to
maintain cubic symmetry and simplify sensitivity evaluations [9]. Unfortunately, surface patches
parameterized by a single variable lacks the ability to model more complicated geometry variations,
especially for Gyroid or Diamond TPMS surfaces with Bonnet transformation [10]. The
fundamental surface patch is duplicated and transformed to generate the complete Gyroid TPMS
lattice, where many NURBS patches are employed to model complex geometry [11]. It is has been
shown that cracks can arise at the seams when deforming a surface made of NURBS patches [12].
Additionally, periodic boundary conditions that ensure the tessellation of lattice structures [3] must
apply to all external surfaces of the TPMS RVE rather than being limited to a subregion of the unit
cell.

In the current work, a finite element-based shape optimization is proposed to minimize
either the strain energy or an anisotropy index subject to von Mises stress and volume constraints.
We define radial basis functions to modify the shape of both sheet and scaffold-based TPMS
structures which avoid cumbersome geometry parametrization. Explicitly constructed surface
patches are iteratively updated by modifying their surface location or thickness distribution for the
scaffold or sheet-based TPMS lattice structures, respectively. More importantly, special attention
is given to the periodic boundary conditions that ensure periodic symmetry in the proposed
approach which includes elemental node coupling. Design velocities are defined in terms of the
radial basis functions to provide a means for computing the design gradients used to change the
shape of the TPMS surface during the optimization process. Design sensitivities that evaluate the
derivative of design metrics with respect to shape design variables are computed using the adjoint
variable method where special attention is given to imposed periodic boundary conditions. Details
given here present calculations for defining TPMS finite element models, derivation of the design
sensitivities, and example TPMS shape optimization problems under periodic boundary conditions.

2. Defining TPMS lattice structures and TPMS shape change

TPMS geometries may be implicitly defined by a universal formulation in terms of
reciprocal vectors through [4,10]

M
W) = ) it o5t -1+ p)) + ¢ €
m=1
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where p,, is the m-th periodic amplitude, h,, is the m-th reciprocal vector, p,, is phase shift, r is
the position vector, t is the level set value, and M is the number of terms that compose TPMS
level set function ¥. The explicit TPMS geometry can be extracted from the level set function in
Eqn. 1 and discretized into finite elements within the design domain for structural analysis of the
TPMS unit cell (see e.g. [1]). Additionally, we use the geometry described by Eqn. 1 to define the
initial design domain for our TPMS optimizations. Shape optimization requires that the nodal
locations that form the finite element mesh be defined by design parameters. Here we calculate
modified nodal locations defined by X,,, from the initial discretized domain X, as [7]

Xn(3) = Xo(®) + Fesp(®) = Xo®) 4 M) rewp(-blle-%) @

where x denotes the coordinates of any point forming the discretized design domain X, Frgp is
radial basis function, N, represents the surface nodal normal on the initial design domain, b; and
b, are design variables that modify the domain shape, ||x - 7;” denotes the Euclidean distance
between the design domain and control point X% (&% is the i-th column vector from X). The control
nodes modify local TPMS geometry and are close to the surface of TPMS lattice structures shown
as Fig. 1 which distribute symmetrically inside the RVE and given as
1 -1 -1 1 1 -1 1 -1
fszbg[l -1 1 -1 -1 1 1 —1]
1 -1 1 -1 1 -1 -1 1

where b3 changes the location of control points resulting in varying modification inside RVE

(3)

diagonally on lattice geometry, np is the column number of X or the number of control points.

Figure 1. The modified scaffold-based (a) and sheet-based (b) Primitive TPMS lattice with
control points demonstration (control points move inside RVE by changing b; and are marked
as red solid circle)

We define the design velocity V; from perturbation can be defined as
Frpr(b; + 6b;) = Frpp(b;) + 6b;V; with Vi(by) = 0Fgpr /0b;  (4)

where § is the perturbed step size.
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3. Sensitivity analysis under periodic boundary conditions

Periodic boundary conditions are imposed by defining nc displacement constraint between
nodes on opposing sides of the RVE written as

ul — u; = g(xf — x3), k=1,-nc (5)

where u} and uj, are the displacements on opposing sides for the k-th constraint equation (i.e., on
the positive and negative surfaces, respectively) of the RVE, € defines the imposed macroscopic
strain and (xj{ — xj) is the distance between opposing nodes on the RVE faces. For a quadrilateral
element e located on the positive boundary of the RVE, its displacement vector u} may be
partitioned as

U, u; +g
u, u,+g ~ ~

u; = u, = 2u3 g =Lu,+9g. (6)
Uy u,

where g, is the contribution of €(x] — x;) = g for element lying on boundary and composing
periodic boundary conditions, %, = [u; u; Uz Uy]7 is the reduced element vector of degree
of freedom, L, is the mapping matrix which transforms element displacement vector u} into the
constrained U, and couples degrees of freedom for the periodic boundaries, u; and u; are
displacement vector on the negative surface. The finite element equilibrium equations
Y. 0ul(K,u, — F,) = 0, where Su, is the arbitrary virtual displacement, K, is the element
stiffness matrix, F, is the element force vector, are modified to incorporate the periodic boundary
conditions as

> SULLIK LA, — ) (SULLLF, — SULLIK,G,) = 0 @
e e

where ), denotes the assembly of finite element stiffness matrices and load vectors. The resulting
modified stiffness matrix K, and force vector F, from the finite element analysis are defined as
K,=L'K,L,and F, = LT(F, — K,g,), respectively. For elements without degrees of freedom
on the periodic boundaries of the RVE, L, simply reduces to the identity matrix.

3.1. Optimization formulation and analytical sensitivity analysis

Our TPMS shape optimizations is conducted by solving the design optimization problem
stated as
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where f(b) is the strain energy objective function, b is the vector of design variables, n is the
number of design variables, b,,;, and b,, 4, are lower and upper bounds for the design variables,
respectively, N is the number of finite elements, g(b) is the p-norm von Mises stress constraint,
oym 15 the von Mises stress, Ze(l?eﬁe —F e) = 0 is the finite element state equation under
periodic boundary conditions from Eqn. 7, V; is the volume for each element, V,,;,, and V;,,, are
lower and upper bound for volume constraints, respectively. The p-norm von Mises stress
constraint g transform the local stresses into a global stress function which limits the maximum
stress [13].

We use a gradient-based optimization algorithm to solve Eqn. 8, where accurate and
efficient sensitivity analyses are required when using the TPMS finite element solutions [14].
Errors in the sensitivity analysis will yield inaccurate results or a distorted finite element mesh and
thus fail in achieving an optimal solution [15]. The design sensitivity of the functions f, or g in
Eqn. 8) with respect to design variables b is calculated using the chain rule as, dF /db =
(0F /0u )(0u /0b) + OF /0b, the difficulties for evaluating df /db arises from the presentence
of the implicit sensitivity response 0u /db, du,/db must be evaluated by direct differentiation or
eliminated by adjoint method from the equilibrium equation in Eqn. 7 [16]. In the direct
differentiation method, a pseudo problem is formed for the i-th design variable by differentiating
Eqn. 7 by the design variable b; as

aI?e = diie(bi) aFe(bi)
—1U,(b;)) + K — =0 9
e
Recalling that L, and g, are a constant matrix and vector, respectively, from Eqn. 6,
) . = - . dK(b;) oK, dF (b)) oK, 0K,
differentiation of K, and F, gives T LT o, L, and = Zabi L, ~ 55, Je >

respectively.
3.2 Adjoint variable method for sensitivity analysis

In the adjoint variable method, we eliminate the implicit response du,(b;)/db; in Eqn. 9.
This is accomplished by employing the Lagrange multiplier method, which effectively treats the
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finite element equilibrium equations Eqn. 7 as equality constraints. We first combine objective
function from Eqn. 8 with Eqn. 7 to define the augmented function

f = fub),b) = A" ) (R~ F.) (10)

where A(b) is the adjoint vector and is an arbitrary vector with a length equal to the number of
degrees of freedom in the finite element system. Since Ze(f( o, — F e) =0 from Eqn. 7, f =
F (u(b), b). Differentiation of Eqn. 10 with respect to the design variable b; gives

af afdu
db; audb b, db; Z(K”_

~ oK d'a oF
3T e~ & GUe  OF,
A Z(abi ue + Ke 6bi>

e

(11)

where df /db; = df /db; since the terms multiplying d4/b; and 4 both are equal to zero from
Eqn. 7 and 9, respectively. The above differentiation can be rearranged as

7 N % = T a¢ T 4~ T

df of = (0K} 0F; du, 0df, di, . 1+

Y _9_Nar i, — Z ek 12

ab; _ ab; k ( b, "k " ab, ) T L\ b, du, " db; e’ (12)
Combining Eqn. 12 with du,(b;)/db; = L. du,.(b;)/db; from Eqn. 6, du,(b;)/db; in

Eqn. 12 can be eliminated with di,(b;)/db;, resulting in Eqn. 12 written as

N ~
af _of LT aKk _0F, N dii,” LTafeT—T(Tz
db;,  ab; k \'ab; ab; db; \"¢ ou, e Te

e

k=1

(13)

where 2, is the elemental adjoint vector, L, couples the degree of freedom for each element lying

on the periodic boundaries, df /db; and df;/0u, are the explicit sensitivity response of objective

. . . . ] 1 oK
function respect to design variables and nodes displacement, defined as a_z]:- ==yN, (ulT 6be ul)
l

oK
and f ! (ul D ) respectively. Since the adjoint vector 4 is arbitrary, it may be selected to

ehrnlnate the term multiplying the implicit response sensitivity 0%,/b;. The resulting adjoint

problems becomes
o~ T rO0fe )
g <Ke A, —L, Fu >_ 0 (14)

e

The adjoint variable 4 is computed by assembling the adjoin load z—flLe and solving the

system of equations as Eqn. 14. After the adjoint vector is computed, the design sensitivity df /b;
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is calculated for each design variable as shown in Eqn. 13. Similarly, the adjoint vector ¥ for p-
norm von Mises constraint can be formulated as

~ T._
Z(Ke Ye —

e

(15)

where ¥, is the elemental adjoint vector, g; is the elementary contribution of p-norm von Mises
stress. Furthermore, the adjoint method for homogenization can be derived from a similar process,
the elasticity matrix can be obtained by average stress and strain vectors, which may be employed
to minimize the homogenized anisotropy for lattice structures.

4. Results and discussion
4.1. Validation of the sensitivity analysis using finite difference derivatives

The sensitivity analysis calculations for df /db,and df /db; given above are validated
here using the finite difference (FD) method where results appear in Table 1. Analytical sensitivity
from direct differentiation method (using a finite difference step to get the design velocities) and
the forward finite difference method are compared over a range of finite difference step size. The
step size 1.0E-5 to 1.0E-6 shows best agreement between the analytical sensitivity analysis and
finite difference method. As expected, inaccurate sensitivities result from either too large or too
small of a step size for the finite difference approach. However, direct analytical sensitivity always
shows a good sensitivity response when the step size is smaller than 1E-3 in the design velocity
calculation.

Table 1. The sensitivity for strain energy for Primitive sheet-based TPMS lattice structure

6 Analytical b, FD b, Analytical b4 FD by
1.0E-1 | -10.763836 | -10.763858 18.021497 18.021297
1.0E-2 | -11.872698 -11.872701 17.432766 17.432751
1.0E-3 | -11.992244 | -11.992240 17.320946 17.320949
1.0E-4 | -12.004291 -12.004282 17.309343 17.309333
1.0E-5 | -12.005496 | -12.005283 17.308178 17.308304
1.0E-6 | -12.005617 | -12.005912 17.308062 17.310958
1.0E-7 | -12.005629 | -11.990778 17.308050 17.315615
1.0E-8 | -12.005630 | -12.223609 17.308049 17.229468
1.0E-9 | -12.005631 -6.519258 17.308049 17.229468
1.0E-10 | -12.005623 | -116.415322 17.308047 18.626451
1.0E-11 | -12.005574 139.698386 17.308063 279.396772
1.0E-12 | -12.005967 | -3026.798368 | 17.308932 -3725.290298
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The direct differentiation and adjoint variable method show the same sensitivity response under
same design velocity as Table 1.

To better understand the difference between those two approaches for sensitivity analysis,
the du/db; are visualized as shown in Fig. 2 on the finite element mesh since they are the same
size with nodal displacement u, the implicit terms are symmetric around the orthotropic axes as
well. The components of the adjoint vector for strain energy objective are close to a constant as
shown in Fig. 3. Moreover, the adjoint load df;/du; on the right side of Eqn. 14 or 15 is
independent design variables b;, where 4 (the same size with u, which are partitioned in the same
manner as u as 4., 4, and 4,) is independent of design parameter b;, specifically, 4 stay
unchanged for all df /db;. Thus, it means that the adjoint vector only needs to be solved once for
the given adjoint problem. However, two adjoint problems are assembled and solved for the
objective functions and p-norm von Mises stress constraint for the current optimization model.
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Figure 2. The visualization of du, /db, (left), du, /db, (middle) and du,/db; (right) on finite
element model under periodic boundary conditions for Primitive sheet-based TPMS
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Figure 3. The visualization of 4, (left), /~1y (middle) 4, (right) on finite element model under

periodic boundary conditions for Primitive sheet-based TPMS

The du/db; needs to be solved for every design parameter b; in the optimization process,
but it can directly contribute to the sensitivity response of the objective function and p-norm von
Mises stress constraint. Beyond that, both the adjoint variable method and direct differentiation
are independent of the loading direction for TPMS with cubic symmetry, such that the x, y or z
uniaxial strain enforcement produces the same sensitivity response. If there are more than two
design parameters, the adjoint variable method provides a more efficient approach for sensitivity
computation for Eqn. 8.
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4.2. The optimization procedure

The optimization procedure and a numerical example are presented here for sheet-based
Primitive TPMS lattice structures. The surface patches are first generated from the level set
function Eqn. 1, and it is meshed by TetGen [17] from the MATLAB toolbox [18]. The two-surface
pair composed of the sheet-based RVE are extracted, i.e., the interior and exterior surface, and the
six caps on the RVE boundary are excluded which are allowed to move freely inside the
corresponding plane. The perturbed design velocity is produced by the radial basis function as Eqn.
4, which modifies the coordinates of these two surface pairs along its normal direction separately.
The design velocity for interior nodes is generated by solving an auxiliary elasticity problem with
prescribed displacement on the design boundary [14]. Sensitivity analysis is performed by the
adjoint variable method for the objective function and constraints. The method of moving
asymptotes is chosen to update the design parameters [19]. The new design velocity based on the
updated design parameters from the radial basis function is applied to the finite element model to
acquire the optimal shape distribution.

4.3. The optimization of strain energy

The unit stain is imposed along x-axis direction by periodic boundary conditions. The initial
volume for Primitive RVE is 0.194, the volume and p-norm stress constraint are 0.16 and 800 MPa,
respectively, the underlying material is assumed as isotropic with Young’s modulus and Poisson
ratio as 2.1E11 and 0.3, it takes 40 iterations to converge to the optimal shape distribution. The
optimal shape for Primitive and its non-uniform thickness distribution (on the interior surface) are
shown as Fig. 4. The optimization history is shown in Fig. 5, the normalized objective function of
strain energy minimizes to 73% of its original value with 6 design parameters (with each three
parameters for interior and exterior surface). Note that it reduces to 74.1% without the movable
control points b3 (cf. Eqn. 3) stays as constant. The control points (controlled by b,, cf. Eqn. 3)
for scaffold and sheet-based TPMS lattice structures (shown as Fig. 1) may be able to move
dynamically in optimization along the diagonal line inside RVE, which changes the influencing
area of radial basis function on the lattice surface symmetrically. Additionally, the p-norm von
Mises always satisfy the stress constraint with small variation. The proposed optimization
approach may be extended to minimize the homogenized anisotropy under periodic boundary
conditions, where six loading cases are considered to acquire the elasticity matrix components [5].
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Figure 4. The optimal Primitive sheet-based TPMS lattice where gray transparent is the initial
shape (a) and its non-uniform thickness distribution (b)
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Figure 5. The optimization history for Primitive sheet-based TPMS lattice structures

4.4. The optimization of anisotropy

The second optimization model for anisotropy minimization demonstrated is implemented
by the minimization of Zener index in the form of 1/ 2 (Z(b) — 1)? rather than the strain energy
from Eqn. 8, where Zener index is defined as 2C,,/(C;; — C12), and the initial conditions, volume
and stress constraints keep unchanged as minimization of strain energy. The adjoint method is
adopted for sensitivity analysis that is similar to derivation of strain energy objective function,
where two loading cases under macroscopic strain are considered for solving the homogenized
elasticity component Cf} [8,20] to compute Zener index. The iteration history is shown as Fig. 6,
it takes 40 iterations to minimize the anisotropy. The spatial representation for the initial and
optimized effective Young’s modulus is shown in Fig. 7, where the concave sphere shape

converges to the perfect sphere shape for Primitive sheet-based lattice structures. The Zener ratio
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decreases from 2.108 to 1.029, where the value of 1 means isotropy and the initial and optimal
shape distribution are shown as Fig. 8. The proposed minimization of anisotropy by shape
optimization can be applied to other kinds of sheet TPMS lattice structures, i.e., IWP, Diamond

and Gyroid, which are not shown here for limitation of space.
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Figure 6. The optimization history for Primitive sheet-based TPMS lattice structures
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Figure 7. The initial (left) and optimal (right) spatially representation for homogenized Young’s
modulus for Primitive sheet-based TPMS lattice structures
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Figure 8. The initial (left) and optimal (right) shape distribution for sheet Primitive lattice

structures

5. Conclusion

A radial basis function-based shape optimization approach based on finite element method
for TPMS lattice structures is presented. The radial basis shape parameters are treated as design
variables and directly applied to define changes to nodal coordinates along the surface normal
direction for TPMS lattice structures in the finite element model. The design velocity for exterior
surface nodes and interior nodes are computed separately based on a perturbation method. The
sensitivity analysis is performed by both the direct differentiation and the adjoint variable method
where special attention is given to periodic boundary conditions and verified by the forward finite
difference method. The minimization of strain energy under p-norm von Mises stress constraint
for Primitive sheet-based TPMS lattice structures produces an optimal non-uniform thickness
distribution while keeping the cubic symmetric properties. Additional optimization results show
that Primitive TPMS sheet lattice structure can achieve isotropy by varying its thickness
distribution. The proposed shape optimization framework may not only be limited to elasticity
application but fluid dynamics or thermal mechanics. The future work will take the transversely
isotropic underlying material into consideration.
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