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This paper presents a comparison between physics-informed neural network (PINN) and 
extended physics-informed neural network (XPINN), both scientific machine learning techniques,
when applied to the same multi-layer simulation framework for multi-layer Direct Energy Deposition 
(DED) thermal history prediction. Whilst both techniques offer the benefits of being meshless and having 
derivative information readily available, they each have their own caveats. XPINN’s ‘divide-and-conquer’ 
strategy overcomes the classic deficiency of PINN when working
with discontinuities at an increased computational cost. This comparison study aims to identify
the threshold in complexity beyond which the increased computational cost is justified by the enhanced 
expressibility of XPINN.

I. Introduction

Additive manufacturing (AM), a key pillar of Industry 4.0 [1], is playing an increasingly critical role in realising 
complex designs during actual production in many industries (e.g. aerospace, biomedical, high-end automobile etc.). 
The increased adoption in production implies an increasing demand for first-time-right from AM, especially the metal 
AM (MAM) processes due to the high material cost and the usually high-value parts. However, achieving first-time-right 
remains a challenge due to the complexity and extreme conditions during the procedure. During the common MAM 
processes, the feedstock (in Direct Energy Deposition (DED)) or the layer of powder (in Laser Powder Bed Fusion 
(L-PBF) or Electron Beam Melting (EBM)) is melted with a local heat source (commonly laser and electron beam) and 
re-solidifies to form the designed part geometry. Such a process involves steep thermal gradients and high cooling 
rates, resulting in multi-scale impacts on the final product – from impacts on mechanical properties due to effects on 
microstructure to impacts on the final geometry due to thermally induced part distortion [2, 3]. It consequently leads to 
complications in part qualification and, in the worst case, part failure during printing. Hence, there is no shortage of 
attempts to predict the thermally induced phenomena in the literature with a significant amount of publications utilising 
the numerical approach [4]. The high-fidelity attempts with explicit scan pattern modelling are usually restricted to 
a limited number of layers [5]. By neglecting certain thermal phenomena such as phase transformation, Parry et al.
[6] and Cheng et al. [7] were able to investigate the impact of scan patterns relatively quickly with their own set of
assumptions on the heat source and/or material model, respectively. Another popular, fast approach, established and
matured by Prof. Albert To’s group, is based on the modified inherent strain (MIS) method where a detailed simulation
over a small scale is used to calibrate the inherent stain which is subsequently used to predict the overall distortion at
part level [8–12]. The recent progress by the same group, however, re-introduces thermal simulation since the simple
calibration results in larger discrepancy when large DED part is considered [12]. The classic compromise between
fidelity and computational time persists in the numerical solution methods.

The rapid progress in machine learning (ML) algorithms and the enabling hardware over the recent decade have led to a 
significant uptake of ML-based surrogate modelling in many traditionally computationally intensive areas. There is
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no exception in the field of MAM. In Demir et al.’s work, a four-layer neural network (NN) is trained on simulation data
and used to predict the residual stresses based on the scan path [13]. Also related to scan path, Ren et al. proposed an
architecture which blends a recurrent neural network (RNN) consisting of long short-term memory cells and a NN of
one hidden layer in order to predict the thermal history based on the scan path. The model is trained on simulation data
based on FEA [14]. Another use of NN is to generate compensation for overhang angle to improve the print accuracy of
lattice structures through MAM [15]. The convolutional neural network (CNN) is another popular architecture used in
AM-related works for its better graphics-based learning capability. For example, a CNN can be trained with CFD-based,
mesoscale thermal simulation data to predict the melt pool depth given a surface temperature during the L-PBF process
[16]. With most ML-based methods for AM-related applications being purely data-driven, there is usually a common
question on their applicability and a stigma of being ‘black-box’. It leads to the concept of scientific machine learning
(SciML) which aims to incorporate physical laws into the training process of the ML models. Physics-informed Neural
Network (PINN) [17] is one of the most widely adopted SciML methods since its conception in 2019. In the field of
MAM, there have also been some attempts to employ PINN for thermally-related simulations. Liao et al. demonstrated
PINN’s capability of solving both the forward problem of obtaining the temperature history of one scan in DED and the
inverse problem of obtaining material thermal properties from synthesised data [18]. In [19], PINN is used to predict the
temperature and the melt pool characteristics during L-PBF with only a moderate amount of data for training. Strategies
have been proposed and implemented in [20], enabling PINN to overcome the difficulty in capturing the discontinuity in
the initial condition for multi-layer DED thermal history prediction without adding observation data. On the theoretical
front to address the general deficiency of PINN in accounting for discontinuities, extended-PINN (XPINN) has also been
proposed in [21]. There has also been analysis on the occasions where XPINN improves on PINN’s performance [22].

In this article, a SciML-based, multi-layer framework for DED thermal history simulation with either PINN
or XPINN as the backend is proposed, allowing part-scale, meshless thermal history prediction. The PINN-based
implementation applies some of the strategies presented in [20]. It is compared against the XPINN-based implementation
in two case studies of configurations with an increasing level of complexity.

II. Methodology

To simplify the explanation, Figure 1 illustrates the four main zones considered during the DED simulation: 1)
substrate; 2) Zone A: already-printed layer; 3) Zone B: region in the current layer where the material is deposited; 4)
Zone C: region in the current layer where the material is not yet deposited.

Fig. 1 Key zones during the multi-layer process: Zone A, B, and C constitute the part region. Zone A is the
already printed layer. Zone B and C constitute the layer that is being printed – Zone B has material deposited
and Zone C is where the material will be deposited as indicated by the velocity vector (v) of the heat source.
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PINN, a type of SciML-based method, is used as a forward solver for the temperature history during the DED
process and Figure 2 illustrates the architecture of the NN employed. At the core of PINN, the auto-differentiation [23]
capability of an NN is utilised to obtain the respective terms in the governing equations. It subsequently allows the
‘physics-informed’ loss terms to be computed and used in the training process.

Fig. 2 Architecture of the NN

XPINN, sharing the same NN architecture as PINN, is characterised by the distributed training of multiple PINN
sub-networks for pre-defined sub-domains. Figure 3 illustrates the single domain for PINN and the two-sub-domain
configuration for XPINN.

(a) Single domain for PINN implementation (b) Two subdomains for XPINN implementation

Fig. 3 Illustration of the single domain for PINN and the two subdomains in the two-domain configuration for
XPINN

A. Governing equation

Both PINN and XPINN approaches solve the same transient heat conduction to obtain the temperature history with
the definition of the heat source model, boundary conditions (BCs), and initial condition (IC) being the key elements.
The governing equation(s) for each are defined herein.

The energy equilibrium in an infinitesimal control element over an infinitesimal short period can be expressed as:
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𝜕 (𝜌𝐶𝑝𝑇)
𝜕𝑡

+ ∇ · q = ¤𝑒𝑔𝑒𝑛 (1)

where 𝜌 is the density of the material, 𝐶𝑝 is the specific heat capacity, 𝑇 is temperature, q is heat flux out of the control
element, and ¤𝑒𝑔𝑒𝑛 is the body heat source emulating the laser.

Applying Fourier’s Law where 𝑘 is the thermal conductivity and considering density, specific heat capacity, and
heat conductivity as temperature-dependent properties,

q = −𝑘 (𝑇)∇𝑇

Equation 1 in the 2D case can be expanded to:

𝑇
𝜕𝑇

𝜕𝑡

𝜕𝜌𝐶𝑝

𝜕𝑇
+ 𝜌(𝑇)𝐶𝑝 (𝑇)

𝜕𝑇

𝜕𝑡
− 𝜕𝑘

𝜕𝑇

(( 𝜕𝑇
𝜕𝑥

)2
+

( 𝜕𝑇
𝜕𝑦

)2
)
− 𝑘 (𝑇)

(
𝜕2𝑇

𝜕𝑥2 + 𝜕2𝑇

𝜕𝑦2

)
= ¤𝑒𝑔𝑒𝑛 (2)

It results in a non-linear problem that is computationally intensive to solve, and a common simplification by assuming
a temperature-constant material property is often adopted in the literature which reduces Equation 2 to:

𝜌𝐶𝑝

𝜕𝑇

𝜕𝑡
− 𝑘

(
𝜕2𝑇

𝜕𝑥2 + 𝜕2𝑇

𝜕𝑦2

)
= ¤𝑒𝑔𝑒𝑛 (3)

The body heat source (or the 2D equivalent body heat source) is adopted to represent the laser as the laser penetrates
into the top layer during the DED process. Hence, it is incorporated into Equation 2 as the heat generation term. The
Goldak model [24], commonly used in AM thermal simulations [4], is implemented in the simplified form, and the 2D
equivalent can be expressed as:

¤𝑒𝑔𝑒𝑛 =
6𝜂𝑃̄
𝜋𝑎𝑏

𝑒
−3

(
(𝑥−𝑥𝑙𝑎𝑠𝑒𝑟 )2

𝑎2 + (𝑦−𝑦𝑙𝑎𝑠𝑒𝑟 )2

𝑏2

)
(4)

where 𝑃̄ = 𝑃
𝑙𝑐

is the laser power per unit length (term 𝑙𝑐 is defined in Equation 10), 𝜂 is the laser absorptivity, 𝑐 is the
radius of the laser spot, 𝑏 is the penetration depth which is assumed as twice the radius, and 𝑥𝑙𝑎𝑠𝑒𝑟 , 𝑦𝑙𝑎𝑠𝑒𝑟 are the centre
of the spot.

Fig. 4 Assignment of Boundary Conditions

For a unique solution, BCs and IC have to be specified. Neumann BC is employed to describe the energy exchange
with the surroundings and the bottom of the substrate as specified in Equation 5. For the bottom, a large convective
coefficient ℎ 𝑓 𝑜𝑟𝑐𝑒 is applied to emulate the heat transfer from the bottom of the substrate. Figure 4 illustrates the
location where different BCs are applied.
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q(x, 𝑡)·n =
∑︁

¤𝑞𝑒𝑥𝑡 (x, 𝑡), x ∈ Γ (5)

where n is the normal vector at the boundary and∑︁
¤𝑞𝑒𝑥𝑡 (x, 𝑡) =

{
¤𝑞𝑐𝑜𝑛𝑣 + ¤𝑞𝑟𝑎𝑑 = ℎ(𝑇 − 𝑇𝑎𝑚𝑏) + 𝜎𝜀(𝑇4 − 𝑇4

𝑎𝑚𝑏
) x ∈ Γ𝑙𝑒 𝑓 𝑡 ∪ Γ𝑟𝑖𝑔ℎ𝑡 ∪ Γ𝑡𝑜𝑝

¤𝑞𝑐𝑜𝑛𝑣, 𝑓 = ℎ 𝑓 𝑜𝑟𝑐𝑒𝑑 (𝑇 − 𝑇𝑎𝑚𝑏) x ∈ Γ𝑏𝑜𝑡𝑡𝑜𝑚

The initial condition is treated as Dirichlet:

𝑇 (x, 0) = 𝑇𝑟𝑒 𝑓 , x ∈ Ω (6)

where 𝑇𝑟 𝑒 𝑓 is defined in a two-part manner due to the layer-by-layer nature of DED. More details on the complications
from it are presented in the later section.

B. PINN setup

1. Model Architecture

Fully connected NN, one of the most common types of NN architecture is used for the PINN in this work. The
solution from PINN can be generalised as 𝑇 (x, 𝑡) which approximates the target function 𝑇 (x, 𝑡).

The governing equations for the PDE, BC, and IC discussed in the previous section can be re-arranged and expressed
as the following error terms at a given collocation point, respectively:

F (𝑇, x, 𝑡) = 𝜌𝐶𝑝

𝜕𝑇

𝜕𝑡
− 𝑘

(
𝜕2𝑇

𝜕𝑥2 + 𝜕2𝑇

𝜕𝑦2

)
− 6𝜂𝑃̄

𝜋𝑎𝑏
𝑒
−3

(
(𝑥−(𝑥0+𝑣𝑡 ) )2

𝑎2 + 𝑦2

𝑏2

)
(7)

B(𝑇, x, 𝑡) =
{

q(x, 𝑡)·n −
(
ℎ(𝑇 − 𝑇𝑎𝑚𝑏) + 𝜎𝜀(𝑇4 + 𝑇4

𝑎𝑚𝑏
)
)

q(x, 𝑡)·n −
(
ℎ 𝑓 𝑜𝑟𝑐𝑒 (𝑇 − 𝑇𝑎𝑚𝑏)

) (8)

I(𝑇, x, 0) = 𝑇𝑡=𝑡0 − 𝑇𝑟𝑒 𝑓 (9)

The governing equations are non-dimensionalised for the two-fold benefits – 1) it eliminates the additional complexity
introduced by units; 2) it improves the generalisation capability of the trained model [25]. The non-dimensionalisations
are done on the space, time, and temperature scale by introducing the characteristic length 𝑙𝑐, time 𝑡𝑐, and temperature
𝑇𝑐, respectively:


𝑥 = 𝑙𝑐𝑥

∗

𝑦 = 𝑙𝑐𝑦
∗

𝑡 = 𝑡𝑐𝑡
∗

𝑇 = 𝑇𝑐𝑇
∗

(10)
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Hence, Equations (7) to (9) can be re-written as:

F̃ (𝑇∗, x∗, 𝑡∗) = 𝜕𝑇∗

𝜕𝑡∗
− 𝑘

𝜌𝐶𝑝

𝑡𝑐

𝑙2𝑐

(
𝜕2𝑇∗

𝜕𝑥∗2 + 𝜕2𝑇∗

𝜕𝑦∗2

)
− 1

𝜌𝐶𝑝

𝑡𝑐

𝑇𝑐

6𝜂𝑃̄
𝜋𝑎𝑏

𝑒
−3

(
(𝑥∗−(𝑥∗0+𝑣

∗𝑡∗ ))2
𝑙2𝑐

𝑎2 + 𝑦∗2𝑙2𝑐
𝑏2

)
(11)

B̃(𝑇∗, x∗, 𝑡∗) =
{
± 𝜕𝑇∗

𝜕𝑛∗ −
ℎ
𝑘
𝑙𝑐 (𝑇∗ − 𝑇∗

𝑎𝑚𝑏
) − 𝜎𝜀

𝑘
𝑇3
𝑐 𝑙𝑐 (𝑇∗4 + 𝑇∗4

𝑎𝑚𝑏
)

𝜕𝑇∗

𝜕𝑦∗ −
ℎ 𝑓 𝑜𝑟𝑐𝑒

𝑘
𝑙𝑐 (𝑇∗ − 𝑇∗

𝑎𝑚𝑏
)

(12)

Ĩ (𝑇∗, x∗, 0) = 𝑇∗
𝑡=𝑡0 − 𝑇∗

𝑟𝑒 𝑓 (13)

Normalisation of -1 to 1 is applied to the inputs and the output is normalised to a range between 0 and 1 during the
training process. It contains the numerical values of the losses to the same order of magnitude, preventing saturating the
training due to the large numerical values. Hence, the following characteristic length, time, and temperature are adopted:

𝑙𝑐 = 𝜙𝑙𝑎𝑠𝑒𝑟

𝑡𝑐 =
𝜙𝑙𝑎𝑠𝑒𝑟

𝑣𝑙𝑎𝑠𝑒𝑟

𝑇𝑐 = 3000
(14)

The individual loss terms for the training of the PINN can subsequently be written as:

L𝑃𝐷𝐸 =
1

𝑁𝑃𝐷𝐸

𝑁𝑃𝐷𝐸∑︁
𝑖=1

��F̃ (
𝑇 (x𝑖𝑃𝐷𝐸 , 𝑡

𝑖
𝑃𝐷𝐸), x𝑖𝑃𝐷𝐸 , 𝑡

𝑖
𝑃𝐷𝐸

) ��2 (15)

L𝐵𝐶 =
1

𝑁𝐵𝐶

𝑁𝐵𝐶∑︁
𝑖=1

��B̃ (
𝑇 (x𝑖𝐵𝐶 , 𝑡

𝑖
𝐵𝐶 ), x

𝑖
𝐵𝐶 , 𝑡

𝑖
𝐵𝐶

) ��2 (16)

L𝐼𝐶 =
1

𝑁𝐼𝐶

𝑁𝐼𝐶∑︁
𝑖=1

��Ĩ (
𝑇 (x𝑖𝐼𝐶 , 0), x

𝑖
𝐼𝐶 , 0, 𝑤

𝑖
𝑖𝑐

) ��2 (17)

where 𝑁𝑃𝐷𝐸 , 𝑁𝐵𝐶 , and 𝑁𝐼𝐶 are the number of collocation points sampled to compute the PDE, BC, and IC losses.
The 𝑤𝑖

𝑖𝑐
term in Equation 17 is the pointwise weight for the initial condition loss.

The total loss used for the training of the PINN is obtained by assembling the individual loss terms through a
weighted sum:

L =
𝑤𝑃𝐷𝐸L𝑃𝐷𝐸 + 𝑤𝐵𝐶L𝐵𝐶 + 𝑤𝐼𝐶L𝐼𝐶

𝑤𝑃𝐷𝐸 + 𝑤𝐵𝐶 + 𝑤𝐼𝐶

(18)

The loss expressions are embedded into that NN architecture as illustrated in Figure 2.

2. Spatio-temporal Sampling Points

Collocation points, akin to those in numerical methods, are spatiotemporal sampling points used during the
PINN/XPINN training for computing the relevant loss terms to evaluate the level of approximation. When PINN/XPINN
is applied as a forward solver without any auxiliary data, the collocation points play a critical role in dictating the
convergence and quality of the results. The sensitivity of the training outcome with regard to the distribution and density
of collocation points has been well documented in the literature [18, 26, 27]. The weighted total loss in Equation
18 gives a degree of control of the overall relative contributions of the losses. However, it should be noted that the
individual loss term is the mean value, implying a need for careful design of the collocation points’ density distribution
so that the loss values are not biased towards the trivial areas which could occupy the majority of the domain.
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In this work, a grid distribution of the collocation points is used for simplicity and ease of definition of the boundaries.
Similarly, the temporal domain is uniformly discretised such that the laser spot moves by 𝛼𝜙𝑙𝑎𝑠𝑒𝑟 over each time step.
𝛼 is chosen to be 0.15 for sufficient overlapping of the sampled collocation points in adjacent timesteps. It should,
however, be acknowledged that randomised allocation of the collocation points in the given spatial and temporal domain
usually results in better generality [17, 26].

The number of collocation point directly influence the computational time and memory usage during training.
Hence, the collocation points are assigned with varying density – global assignment and local assignment. Specifically,
for the PDE collocation points, the global region is defined as the overall spatial domain and the local domain is defined
as the (4𝜙𝑙𝑎𝑠𝑒𝑟 × 1.5𝜙𝑙𝑎𝑠𝑒𝑟 ) region centred around and below the centre of the laser spot. To smoothen the transition, a
secondary region is defined as that bounded by half the total height from the top and the whole width of the global
domain. For BC collocation points, the top side is split into two parts due to the layer-by-layer nature of the DED process
- one segment for the top of Zone B and another for the bottom of Zone C in Figure 1. The latter replaces the former as
the print progresses. A higher density is applied to the top side compared to the other sides due to the split in the region.

Contrary to other applications of PINN/XPINN as a forward solver commonly seen in the literature, IC collocation
points also play an important role in this multi-layer framework since satisfying the IC ensures continuity between the
previous and the current layers. In the PINN implementation, the IC collocation points are put into two sets – one for
the printed part (Zone A & Substrate) and one for the new layer (Zone B & C). The former is assigned values from the
output of the trained model of the completed layer and the latter is assigned the value of ambient temperature since no
material is added yet. To ensure enough sampling, the printed zone has a total collocation number of 64 times of that the
global PDE domain and the same density is applied to the new layer zone. Such IC allocation is non-conventional and
introduces additional challenges to the training. However, it is necessary given the additive nature of the DED process.
In the XPINN implementation, the two sets identified in PINN implementation fall nicely into the two subdomains,
requiring no further actions.

Figure 5 illustrates the distribution of the generated collocation points for the first layer in printing over the print
duration.
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(a) Distribution of PDE collocation points over time (Layer 1)

(b) Distribution of BC collocation points over time (Layer 1)

(c) Distribution of IC collocation points

Fig. 5 Distribution of the collocation points for the first layer (Layer 1). The x-axis and y-axis correspond to
the length and height of the part domain in a Cartesian coordinate system. The bottom left corner of the part
domain is defined as the global origin, indicated by (0,0). The convention is used for all subsequent figures where
the part domain is presented.

C. XPINN setup

The setup for XPINN is similar to PINN except for having multiple PINNs for the pre-defined sub-domains,
respectively. The sub-domains and the sub-PINNs are integrated through interface conditions which are detailed in
II.C.1.

1. Model Architecture

Within each sub-domain, the sub-PINN is defined similarly as those in Section II.B.1 with the same non-
dimensionalisation and normalisation applied. Hence, Equation 15-17 can be modified as the following to reflect the
definition of subdomains (as indicated by superscript □(𝑞) ):
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L (𝑞)
𝑃𝐷𝐸

=
1

𝑁
(𝑞)
𝑃𝐷𝐸

𝑁
(𝑞)
𝑃𝐷𝐸∑︁
𝑖=1

���F̃ (𝑞)
(
𝑇 (𝑞) (x𝑖, (𝑞)

𝑃𝐷𝐸
, 𝑡

𝑖, (𝑞)
𝑃𝐷𝐸

), x𝑖, (𝑞)
𝑃𝐷𝐸

, 𝑡
𝑖, (𝑞)
𝑃𝐷𝐸

)���2 (19)

L (𝑞)
𝐵𝐶

=
1

𝑁
(𝑞)
𝐵𝐶

𝑁
(𝑞)
𝐵𝐶∑︁
𝑖=1

���B̃ (𝑞)
(
𝑇 (𝑞) (x𝑖, (𝑞)

𝐵𝐶
, 𝑡

𝑖, (𝑞)
𝐵𝐶

), x𝑖, (𝑞)
𝐵𝐶

, 𝑡
𝑖, (𝑞)
𝐵𝐶

)���2 (20)

L (𝑞)
𝐼𝐶

=
1

𝑁
(𝑞)
𝐼𝐶

𝑁
(𝑞)
𝐼𝐶∑︁
𝑖=1

���Ĩ (𝑞)
(
𝑇 (𝑞) (x𝑖, (𝑞)

𝐼𝐶
, 0), x𝑖, (𝑞)

𝐼𝐶
, 0

)���2 (21)

Additional interfacial losses are defined as the following (super-script □(𝑞) indicates the adjacent domain next to
subdomain 𝑞, and assuming the two subdomains share interface points i.e. x𝑖, (𝑞) ≡ x𝑖, (𝑝) ):

L (𝑞)
𝑎𝑣𝑔 =

1
𝑁

(𝑞)
𝑖𝑛𝑡

𝑁
(𝑞)
𝑖𝑛𝑡∑︁
𝑖=1

(
𝑇
(𝑞)
𝑖

−
𝑇
(𝑞)
𝑖

+ 𝑇
(𝑝)
𝑖

2

)2

(22)

L (𝑞)
𝑃𝐷𝐸_𝑖𝑛𝑡 =

1
𝑁

(𝑞)
𝑖𝑛𝑡

𝑁
(𝑞)
𝑖𝑛𝑡∑︁
𝑖=1

���F̃ (𝑞)
(
𝑇 (𝑞) (x𝑖, (𝑞) , 𝑡𝑖, (𝑞) ), x𝑖, (𝑞) , 𝑡𝑖, (𝑞)

)
− F̃ (𝑝)

(
𝑇 (𝑝) (x𝑖, (𝑝) , 𝑡𝑖, (𝑝) ), x𝑖, (𝑝) , 𝑡𝑖, (𝑝)

)���2 (23)

L (𝑞)
𝑑𝑒𝑣

=
1

𝑁
(𝑞)
𝑖𝑛𝑡

𝑁
(𝑞)
𝑖𝑛𝑡∑︁
𝑖=1

(
1
3

(
𝜕𝑇

(𝑝)
𝑖

𝜕𝑥𝑖, (𝑞)
+

𝜕𝑇
(𝑝)
𝑖

𝜕𝑦𝑖, (𝑞)
+

𝜕𝑇
(𝑝)
𝑖

𝜕𝑡𝑖, (𝑞)

))2

(24)

For each sub-PINN, the total loss is defined as:

L (𝑞) =
𝑤𝑃𝐷𝐸L (𝑞)

𝑃𝐷𝐸
+ 𝑤𝐵𝐶L (𝑞)

𝐵𝐶
+ 𝑤𝐼𝐶L (𝑞)

𝐼𝐶
+ 𝑤𝑎𝑣𝑔L (𝑞)

𝑎𝑣𝑔 + 𝑤𝑃𝐷𝐸_𝑖𝑛𝑡L (𝑞)
𝑃𝐷𝐸_𝑖𝑛𝑡 + 𝑤𝑑𝑒𝑣L (𝑞)

𝑑𝑒𝑣

𝑤𝑃𝐷𝐸 + 𝑤𝐵𝐶 + 𝑤𝐼𝐶 + 𝑤𝑎𝑣𝑔 + 𝑤𝑃𝐷𝐸_𝑖𝑛𝑡 + 𝑤𝑑𝑒𝑣

(25)

The total loss for each subdomain is used for the training of each sub-PINN, respectively. The interfacial losses ensure
the continuity in solution across adjacent subdomains. Since thermal gradient and cooling rate are also information of
interest in this application, continuity in the PDE solution and first-order derivatives are included in training.

2. Spatio-temporal Sampling Points

The spatio-temporal sampling points are defined in the same manner as that in the PINN implementation before
being split into the respective sub-domains based on the height of the collocation points. For illustration purposes, in
the simplest, 2-subdomain configuration, (Substrate+Zone A) is defined as subdomain 1, and (Zone B+C) is defined as
subdomain 2. Any collocation points with a height below the printed layer height are allocated to subdomain 1 and
those above are allocated to subdomain 2. It should be highlighted that more subdomains are defined for more complex
cases as entailed in the case studies.

Figure 6 illustrates the distribution of the generated collocation points for the first layer over the scan in the
two-subdomain configuration.
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(a) Distribution of PDE collocation points over time (Layer 1)

(b) Distribution of BC and Interfacial collocation points over time (Layer 1)

(c) Distribution of IC collocation points

Fig. 6 Distribution of the collocation points for the first layer (Layer 1) in the two-domain XPINN configuration.
Red colour indicates subdomain 1, blue colour indicates subdomain 2, and purple colour indicates interfacial
collocation points.

D. Multi-scan Framework

A single scan is defined as a path of travel that can be expressed as one continuous function of time with or without
on-off switches. It implies that in the 2D case, each layer consists of one scan, assuming that there is no change of
direction of the scan within the layer.

Figure 7 illustrates the workflow of the PINN-based and XPINN-based thermal simulation for the multi-scan
problem, which is equivalent to a multi-layer problem in 2D.
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Fig. 7 Simplified flowchart

Pre-processing: The part geometry is sliced into layers. For each layer, the start and end coordinates of the non-part
region(s) and subsequently where the laser is switched on and off are determined with regard to the global origin of the
whole part domain. The coordinates information is then used to determine the time instances when the laser switches
on/off in each scan. The positional information of the part and non-part regions and the temporal information of the
laser on/off(s) are stored for the subsequent steps.

Sequentially iterative process: Each sliced layer will be sequentially iterated from the bottom to the top, capturing
the printing process.

For each iteration: Each iteration resolves the thermal history associated with one scan which corresponds to one
layer in the 2D case. It starts with unpacking the positional and temporal information from the pre-step. The information
is used to define terms such as 𝑡_𝑠𝑡𝑎𝑟𝑡𝑖 and 𝑡_𝑒𝑛𝑑𝑖 which are used in the functions defined later. A NN of the same
architecture for all iterations is initialised with the correct domain size of the current print layer. Collocation points
are generated for computing the PDE loss, BC loss, and IC loss, respectively based on the strategies discussed earlier.
Depending on the location of the current print layer being simulated, the appropriate initial condition target values are
assigned and passed to the loss function. Before starting the training process of the current iteration, a check of the
existence of a trained model of a similar scan path in previous layers will be conducted. If it exists, the training will
resume after mounting the trained model of the most recent similar scan path. Otherwise, the training will start from the
standard initialisation. The training in each iteration will stop when any stopping criterion (either the maximum epoch
number or the threshold loss value) is met.

To accurately model the DED process, several strategies are incorporated to reduce the amount of discontinuity and
ease the process of training:

1. Laser on-off switch

The on-off state of the laser is dictated by the temporal marker(s) during each scan which are determined based on
the slice of geometry of the part for each layer. Hence, the original heat source equation (Equation 4) is modified to
Equation 26 and the laser switch function 𝑙𝑎𝑠𝑒𝑟_𝑠𝑤𝑖𝑡𝑐ℎ(𝑡) is expressed as Equation 27.

𝑞𝑙𝑎𝑠𝑒𝑟 = 𝑙𝑎𝑠𝑒𝑟_𝑠𝑤𝑖𝑡𝑐ℎ(𝑡) 6𝜂𝑃̄
𝜋𝑎𝑏

𝑒𝑥𝑝

(
−3

(
(𝑥 − 𝑥𝑙𝑎𝑠𝑒𝑟 )2

𝑎2 + (𝑦 − 𝑦𝑙𝑎𝑠𝑒𝑟 )2

𝑏2

))
(26)

𝑙𝑎𝑠𝑒𝑟_𝑠𝑤𝑖𝑡𝑐ℎ(𝑡) =
𝑁∑︁
𝑖

(
1

1 + 𝑒−𝜎 (𝑡−𝑡_𝑠𝑡𝑎𝑟𝑡𝑖 )
− 1

1 + 𝑒−𝜎 (𝑡−𝑡_𝑠𝑡𝑜𝑝𝑖 )

)
(27)

where 𝑁 is the total instances of switching on the laser (i.e. 𝑁 ≥ 1). Parameter 𝜎 defines how quickly the switching
between On and Off occurs, and a value of 200 is used in this work for a balance between rise time and smoothness.
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2. Solid-void transition

The diffusive property of air needs to be explicitly assigned to Zone C for the correct amount of heat transfer to be
captured and to avoid the region behaving as an infinite heat sink. A smooth transition between the solid (Zone A & B)
and void (Zone C) is achieved through the use of sigmoid function and can be expressed as:

F̃ =F̃ 𝑠𝑜𝑙𝑖𝑑

( [(
1 + 𝑒

𝛼𝑧 (𝑥∗−𝑥∗𝑏𝑜𝑢𝑛𝑑𝑎𝑟𝑦 )
) (

1 + 𝑒
−𝛼𝑧 (𝑦∗−𝑦∗𝑏𝑜𝑢𝑛𝑑𝑎𝑟𝑦 )

)]−1
+

[
1 + 𝑒

𝛼𝑧 (𝑦∗−𝑦∗𝑏𝑜𝑢𝑛𝑑𝑎𝑟𝑦 )
]−1

)
+ F̃ 𝑎𝑖𝑟

[(
1 + 𝑒

−𝛼𝑧 (𝑥∗−𝑥∗𝑏𝑜𝑢𝑛𝑑𝑎𝑟𝑦 )
) (

1 + 𝑒
−𝛼𝑧 (𝑦∗−𝑦∗𝑏𝑜𝑢𝑛𝑑𝑎𝑟𝑦 )

)]−1
(28)

where 𝛼𝑧 controls how steep the transition is and a value of 100 is chosen.

It allows a regular grid of collocation points to be generated for the PDE loss for the whole domain while achieving
a smooth transition in distinguishing the solid and air regions.

E. Training with causality

Incorporating causality in the training is proposed in [28] where the authors show that standard training of PINN is
‘implicitly biased towards first approximating PDE solutions at later times’, necessitating a training strategy that focuses
on satisfying the solution in the correct temporal sequence (i.e. causality). It is identified that causality has a critical
role in the multilayer problem since the correct solution of each subsequent layer depends on correctly capturing the
initial condition which itself is challenging as detailed earlier.

The key component to incorporate causality is by introducing a ‘causal weight array’ which is defined as:

𝑤𝑖
𝑐 = 𝑒−𝜖 (∑𝑖−1

𝑘=1 L𝑡 (𝑡𝑘 ,x)+𝑤𝐼𝐶L𝐼𝐶) for 𝑖 = 2, 3, ..., 𝑁𝑡 (29)

where 𝜖 is a hyperparameter controlling the stiffness of the causality, 𝑁𝑡 is the number of timesteps where the collocation
points are generated and 𝐿𝑡 is defined as a 𝑁𝑡 -element array that is expressed as:

L𝑖
𝑡 = 𝑤𝑃𝐷𝐸L𝑃𝐷𝐸 (𝑡𝑖 , x𝑖𝑃𝐷𝐸) + 𝑤𝐵𝐶L𝐵𝐶 (𝑡𝑖 , x𝑖𝐵𝐶 ) for 𝑖 = 2, 3, ..., 𝑁𝑡 (30)

It implies that the expression for the cost of training is modified to:

L =
1
𝑁𝑡

𝑁𝑡∑︁
𝑖=0

(
𝑤𝑖
𝑐

𝑤𝑃𝐷𝐸 + 𝑤𝐵𝐶 + 𝑤𝐼𝐶

L𝑖
𝑡 +

𝑤𝐼𝐶

𝑤𝑃𝐷𝐸 + 𝑤𝐵𝐶 + 𝑤𝐼𝐶

L𝐼𝐶

)
(31)

F. Benchmark from ANSYS

The numerical benchmark is generated by running a detailed thermal simulation in ANSYS. The same implementation
has been adopted for calibration in MIS-related works by Prof. Albert To’s group [8–12]. The same boundary conditions
and Goldak heat source model as entailed in Section II.A are applied in the ANSYS Mechanical simulation which
utilises the element activation method. The time history of each element is extracted during the post-processing step
and the spatiotemporal coordinates are used to generate the prediction from the training PINN for comparison. Both
root-mean-square error (RMSE) and maximum absolute error are extracted to measure the accuracy of the output.

For benchmarking, mesh resolutions of 0.15mm in length, 0.05mm in height, 0.63mm in substrate height, and a
time resolution of 0.0075s is applied.
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G. Case Study

The comparison between the PINN-base and XPINN-based implementation focuses on two main comparison
metrics: 1) prediction accuracy as compared to the ANSYS benchmark result; 2) computational effort required for the
training and solution.

The printed part and the substrate form a simple rectangular domain for the simulation. A three-layer scan of a
rectangular design without interpass time is investigated and illustrated in Figure 8. Spatial decomposition is applied in
the XPINN implementation. The three layers are printed in alternating laser directions.

Fig. 8 Illustration of Case 1 and the spatial decomposition. Image showing the last layer and not drawn to scale.

III. Results & Discussion

The comparison between the outputs from the PINN-based and the XPINN-based frameworks is visualised in Figure
9 and Figure 10.

Fig. 9 Temperature output comparison between PINN and XPINN for Case 1.

Table 1 summarises the quantitative comparison between the PINN- and XPINN-based frameworks of their
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Fig. 10 Visualisation of benchmark error against ANSYS solution for both PINN and XPINN. Showing the
snapshot at t=0.67s of each layer. Benchmark error is defined as (𝑇XPINN or PINN − 𝑇ANSYS) for all plots in this
paper unless otherwise stated.

performance.

Table 1 Quantitative performance comparison between PINN and XPINN-based frameworks

RMSE
[K]

Max. Error
[K]

Training
Time [s]

Layer 1
PINN 22.36 1160.25 4349

XPINN 10.98 553.32 14228

Layer 2
PINN 51.25 1163.63 4285

XPINN 28.76 503.23 14403

Layer 3
PINN 126.89 1337.41 4207

XPINN 65.10 642.63 14383

XPINN achieves significant accuracy improvement compared to the PINN-implementation. It can largely be
attributed to the spatial decomposition – the subnet for the top layer is dedicated to capturing the localised effect of
the heat source while the subnet for the printed layers and the substrate is dedicated to capturing the heat dissipation
in the whole domain. The separation of the domains allows the overall XPINN to be able to capture phenomena on
multiple scales which is challenging for a single neural network used in the PINN implementation. It should also be
acknowledged that without parallelising the two subnets, the computational effort approximately doubles compared to
that for the PINN framework as a result of two backpropagations and the subsequent optimisations being run in the
XPINN implementation. The increase in computational time may be resolved by running the training of the subnets on
multiple GPUs concurrently, a capability that has been demonstrated [29]. However, it is beyond the scope of this work.
Nevertheless, the observation that multiple subnets incur extra computational cost raises the need to be prudent when
decomposing domains, as discussed further in the later section.
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IV. Concluding Remarks and Next Steps

In this work, we present an XPINN-based framework that furthers the initial PINN-based implementation [20]
in predicting temperature history during the DED process. Leveraging domain decomposition, the XPINN-based
framework is able to achieve improved prediction accuracy, around 50% reduction in RMSE and absolute error. Having
demonstrated the effectiveness of domain decomposition by XPINN in accounting for discontinuities in the solution
domain, it is expected that XPINN will be an effective tool for accounting for more complex geometries and print
configurations. The case studies have been undertaken and full details have recently been published in [30]. For
simplicity in explanation and discussion, the 2D implementation is presented herein. Extension of the frameworks
to 3D is easily achievable following the same procedure presented in [20] in detail. Two main directions for future
work are identified to further improve the proposed XPINN-based framework: 1) computational time reduction through
multi-GPU parallelisation where the training of the subnets is distributed and parallelised. 2) performance improvement
by hyper-parameter tuning. With the increased number of NNs in XPINN, hyperparameter tuning for XPINN is a
non-trivial task and could potentially benefit from techniques such as meta-learning and Bayesian Optimisation.
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